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MareMaTHYeCKH aHAJIN3-3
Jlexnus 13

Tema 4. Paabl ¢ kKoMIuiekCHbIMU WieHaMu. Psajabl Teisiopa u Jlopana

4.3. Pspn Jlopana, ero 06;1acTh CXOAUMOCTHU

4.4, TTpumepsl paznoxeHus pyHkuuit B psaa Jlopana

4.3. Psan Jlopana, ero 00J1aCTh CXOJNMMOCTHU

Onpeoenenue 6. Psaom HopaHa HAa3bIBACTCS PSiJ BUAA
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rac zZg, ¢, — KOMIUICKCHBIC ITOCTOAHHBIC, 4 Z — KOMIIJICKCHAA IICPCMCHHAA.

Ob6nacteio cxomumoctu psga Jlopana sBisieTrcss oOmas 4Yacth oOJjacrei
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CXOJUMOCTH PSIOB: Y Cn(Z — Zo)™ ¥ Yip—q m

O061acThIO0 CXOAMMOCTH MEPBOTO Psiia SIBISETCS BHYTPEHHOCTh Kpyra

|z — z5| < R.

Haiinem o0Onactb  CXOAMMOCTH  psiaa Z"=1m’ cAeNaB  3aMEHY
—40

1 . 1
t = —. [Toy4yeHHBIH  Psif Ym0 C_nt™ cxomutcs B kpyre [t] < =
—40

CIICIOBATEIILHO, PACCMATPUBAEMBIH ST CXOUTCS B 00JIACTH |Z — Z| > 7.
Ecitu r < R, o6nacteio cxoaumocTu psga JlopaHa sBISIETCA — KOJIBIIO
r<l|z—zy| <R.3mecer=>0,0 <R < +0o.

Teopema 4. Oyuxuus f(z), onHO3HAYHAS M AHATMTHYCCKASA B KOJIBIIE T <
|z — zy| < R (me uckmouarores cayyan ¥ = 0 u R = +00), pasjaraercs B
ATOM KOJIbIIE €AUHCTBEHHBIM 00pa30M B CXOAAIIUMCS K HeW psia JlopaHa
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3nech L — npou3BOJIbHAS OKPYKHOCTh C LIEHTPOM B TOUKE Z(, JIEKAIIEH BHYTPHU
JAHHOTO KOJbLA.

Pan Yoo Cn(z — zp)™ HasbIBaeTCs npasunvhol uacmeio psana Jlopana, a psa

2in=1

3ameuanue. Tak Kak KOJBIIO SBISCTCS 00JACTHIO aHATUTUIHOCTH GYyHKIHH f (Z),
TO Ha T'PaHULAX KOJIbI]Aa UMEETCSA XOTSA Obl MO OJIHOW TOYKE, B KOTOPOH
AHATTUTUYHOCTHh (PYHKIIMH HAPYIIAETCA.

Cc_ o
@ Zn)n HA3BIBACTCS 21a6HOU Yacmouio psoa JlopaHa.
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Ha mnpaktuke mpu HaxoXACHUH KOI(DPHUIIMEHTOB C, HCIOIB3yIOT TOTOBBIS
pazyiokeHus B psan Teinopa aneMeHTapHbIX (QYHKITUH.

4.3. Ilpumepsl pazinoxenus GvHKUHA B psaa Jlopana

1
Ipumep 1. Pasnoxutrs B psan Jlopana ¢yskmmo f(z) = (z — 2)3ez—2
B OKPECTHOCTH TOYKH Zy = 2.
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Caenaem sameny t = —, nonyanm f(¢) = et.
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Torna
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DTO pa3IoKEHHE CIIPABEUIMBO JIJIS IFO00M TOUKH Z # 2, T.€. B KOJIBIIE
0<|z—2| <+w.3necbr =0, R = +0o0,

B yka3anHo#t o6nacty f(z) — aHanuTHYCCKAs.



Lpumep 2. TlonyuuTh Bce pasnoxenus B psan Jlopana no crenensm z (zo = 0)
2z+1
byukum f(z) =

z2+47-2"

Onpeaenum 00J1aCTH aHATTUTUYHOCTH (QYHKIIMH, IPUPABHSB 3HAMEHATENb Ipo0U
kHymo: z2+z—2=(z+ 2)(z—1) = 0,o0rcronaz; = —2, z, = 1. U306pazum
Ha KOMIUIEKCHOW IUIOCKOCTH BO3MOXHBIE oOmactu. [[ns 3TOoro mposenem
OKPY>KHOCTH C IEHTPOM B Zo =0 © paauycoM paBHBIM PACCTOSHUIO 0
onmvkaiiend oco0oit Touku. IMeem Tpu «koJiblay ¢ IEHTPOM B Touke Zy = 0, B
Ka)IOM U3 KOTOPBIX f(Z) SABISCTCS aHAIIUTHYECKOM:

1) xpyr |z| < 1,
2) koaeio 1 < |z]| < 2,

3) 2 < |z| < 40 — BHemHOCTD KpyTa || < 2.
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Haiinem psaer Jlopana mis GyHkiuu f(z) B Kakaoi u3 3tux obnacteid. J{is

3TOro  mpeiactaBuM  f(z) B BHIAE CYMMBI  DJIEMEHTapHBIX  JApoOei

22+1_A+B_1+1
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f(2) =

A u B Hanum MeTo0M HeompeaeIeHHBIX KO3(PUITUESHTOB.

1) Paccmotpum kpyr |z| < 1. [Ipeobpazyem f(z):
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Ot0 pasnokeHue spisgercsa psaom Teinopa Gyukuuu f(z), npu 3TOM psa Aus

byHKIUN
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=1+z+z%+..
1—2z
cxomutcsa pu |z] < 1, a
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CXOIUTCS TPU |§| < 1wmm |z| < 2, T.c. BHyTpH KpyTa |z| < 1 00a psga cxomsarcs.

2) Paccmotpum koibio 1 < |z| < 2.

1
Psan niist pyHKImm .7 OCTAeTCs CXOMIANIMMCS B 3TOM KOJIBIIE, T.€. |z| < 2,apsan

2

1
IS QYHKITH T PacxozuTes mpu |z| > 1.

[Toatomy mpeobpasyem f(z) cieayronum odpa3om:
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1 1 1 1 1 1
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1
DTOT psAJl CXOTUTCS JJIS |;| <1, e mpu |z| > 1.
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3) Paccmorpum |z| > 2. [IpencraBum f(z) B Buje
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[MepBolii psia cxoautes npu |z| > 1, Bropoi — nipu |z| > 2.
B komblie 2 < |z| < 400 cxonpsgrest oba psa.

Takum 06pas3oM, B pa3HbIX 00macTax Gpyukuus f(z) npeacraBuMa pasHbIMH

pAaaMH.

Ilpumep 3. Paznoxuts B psajg Jlopana GyHKIHIO

(@) ==

1
> B OKPECTHOCTH Zo = 1.

Hatigem ocoOble Touku ¢yHkiuu f(z), 1 9T0ro

IIpUpaBHAEM 3HAMEHATENb K Hymo z2 + z — 2 = 0, -2 o 1

7z, =1, z, = =2, T.e. pa3IoKeHUE HEOOXOAUMO

OCYIIIECTBUTH B OKPECTHOCTH 0CO00M TOUKH Z; = 1,
T.¢. B KoJblle 0 < [z — 1| < 3. Yncno 3 HaliiIeHO, KaK pACCTOSTHUE MKy

HEHTPOM pazyiokenust z = 1 u Onmxkaiiiieit ocooor Toukot z = —2 (cM. puc.).

[MpencraBum f(z) B BUIC CyMMBI 3JIEMEHTAPHBIX JIPOOCH
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ITepBoe cnaraeMoe — Apodsk, copepxkamas (z — 1) ™1, Janpueiimero

pa3yioKeHusl He TpeOyer.

Beenem HOBy10 nepeMeHHy0 z — 1 = t, 1.€. Z = t + 1 u nepenumem
GYHKIUIO
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Hcnonbs3yd TaOIMYHOE pa3sIokKEHUE, MOITYyUYUM
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OB6IaCTh CXOMMOCTH 3TOTO psina [—| < 1 wim |z — 1| < 3. Takum 06pazom,
p 3 p

pasznoxenue B psja Jlopana B kosbiie 0 < |z — 1| < 3 umeer Bux

2z —1 1 1 z—-1 (z-1)?% (z-1)3
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1 _
Cmaraemoe — ABIACTCA CTENEeHbIO (z—1)"!' u nostomy He Tpebyer

JTAIBHEUIIIETO PA3IIOKCHUS.

2z-3
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IIpumep 4. Paznoxuts B psix Jlopana pyuknuto f(z) =

B OKPECTHOCTH €€ OCOOBIX TOYEK.
Haiinem oco6sie Touku pynkuuu f(z):z2 —4z+3 =0,z =1, z, = 3.

[Tonyunm paznoxkeHue (YHKIUM B OKPECTHOCTH TOYKM z; = 1. bmmxkaitmas
obnacTh aHamuTHYHOCTH - KoubIo 0 < |z — 1| < 2. Yucno 2 mHaiigeHo, Kak
pPacCTOSTHUE MEXKIY IIEHTPOM pasfiokeHus z = 1 u Omkaiiieir 0co00i TOuKon

z = 3.

[MpencraBum f(z) B BUIC CyMMBI 3JIEMEHTAPHBIX JIPOOCH
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Cnenaem 3ameny: z — 1 = t, T.e. z = t + 1 u nepenuiiemM QyHKIIUIO
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O671acTh cXOIUMOCTH 9Toro psina 0 < [—| < 1w 0 < |z — 1] < 2.
P 2

[Tonyunm pasznoxkeHne (YHKIIMM B OKPECTHOCTU TOUYKH Z, = 3. bmmkaitmas
obOsacTh aHamuTHYHOCTH - KoubIo 0 < |z — 3| < 2. Uucno 2 mHaiigeHo, Kak
PacCTOSIHUE MEXKIY LIEHTPOM pa3jiokeHus z = 3 u Omkaiiieid 0co0oi TouKou

z=1.

Cnenaem 3ameny: z — 3 = t, T.€. Z = t + 3 u nepenuinemM QyHKIHIO
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O6nacTh cxoauMOCTH 3TOTO psifa 0 < |ZT| <1lwm0<|z-3|<2.

Ipumep 5. Paznoxurs B psan Jlopana pynkumio f(z) = (z — 3)*cos ﬁ B

OKPECTHOCTH TOYKH Zy = 3.
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, monyunm f(t) = = cost. Hcrnonsys
ost.

Pewenue: cnenaem 3ameny t =

Ow
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Ta0JIUYHOE pa3yioKeHHe st GYHKIIUU CO
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DTO pa3lIoKEHHE CIPaBEIIMBO ISl JIFOOOM Touku Z # 3. B jgaHHOM ciiyyae

f) = (-3 (1-

+..)=(z-3)*-

«KOJIBIIO» TMPEJACTABIICT COOOW BCHO KOMILICKCHYIO IIOCKOCTh C OJHOM
BeIOpOIICHHON TOoukoi Zz = 3. Ero moxxHo omnpenenuth tak: 0 < |z — 3| < +oo.
3nech = 0, R = +00. B yka3zanHoii obnactu f(z) — aHaauTHYECKas.
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z2-7—-6

IIpumep 6. Paznoxwuts B psx Jlopana dynkimio f(z) =

B OKPECTHOCTH TOYKH Zy = 0.

Haiinem ocoObie Touku hyHKmu f(z):
z2—2z—-6=0,z, = 2,2z, = 3.
O06nacT aHATUTUYHOCTH (DYHKIIMU:

a) |z| < 2,
0) 2 < |z| < 3,
B) |z| > 3.

[IpencraBuM QyHKIMIO B BUJIE€ CYMMBI IPOCTEHIITUX APOOEiA:
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O06macTh CXOQUMOCTH Psija: |§| <1, T.e.|z| < 3.

O06macTh CXOQUMOCTH Psija: |§| <1, T.e.z| < 2.

CrnenoBaTeabHO,
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Psin Jlopana ¢yukiuu f(z) obpamaercs B psg Teiaopa.

0) 2 < |z| < 3, B 3TOM KOJIbIIE MOTYUIHM: v 4
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CraenoBatesbHO,
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BriaenuM B IOIy4EHHOM Py TJIABHYIO M IPABWIBHYKO YaCTH:

1o 2"
—3 Xn=0 w71 - IPaBUIIbHAS 9aCTb,

_-Zn O(—) ) — rJ1aBHaA 4acThb.

B) |z| > 3.

z4+2 z 2 z z 7?2
1+
® n
= ) O lel > 2
n=0

CruenoBaTeabHO,
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B nosryyeHHOM psily HET NPABUIBHOMN YaCTH.




