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Jlexnusa 1

BBenenue

Tema 1. UncsioBbie psijabl

1.1. UncnoBow psizi, CXOAMMOCTh YUCIIOBOTO psifia

1.2. 'eomeTpuueckas mporpeccus

1.3. 'apmoHMUeCcKnil psijg

1.4. HeobGxoaumoe yClIoBuEe CXOAUMOCTH YHUCIIOBOTO Psijia
1.5. Kpurepuii Ko cxoagumocTu psijia

1.6. CBolicTBa CXOISIIUXCS PSJIOB

BBenenue

1. OCHOBHBIE TOHATHS, CBI3AHHBIE

C TIOCJICAOBATCIIBHOCTAMMU

Onpeodenenue 1. Ilycte VN — HaTypaqbHOMY YHCIYy TTOCTABJICHO B COOTBETCTBUE
HEKOTOPOE AECUCTBUTEIILHOE YUCIIO X,: VN — X,

Torga COBOKYITHOCTB 3JIEMEHTOB X, (n = 1,2, ...) Ha3BIBACTCS YUCI0B0U
nocnedosamenvrnocmoio (0003HavaeTCs {x,}).

Kaxp1if 3J1EMEHT X,, Ha3bIBACTCS YWICHOM ITOCJICI0BATEILHOCTH, a L — €r0
HOMEPOM.

Onpeoenenue 2. Yncio a Ha3pIBA€TCA npedeiom MOCaeI0BaTEIbHOCTH {X, }:
lim x,, = a, ecnu

n—->0o
Ve>03IN(e)>0:Vvn>N(e) - |x, —al <e.

[IpuMepbl UUCIIOBBIX MOCIEN0BATEILHOCTEN: apudmeTnyeckas u
reoMeTpuyecKkas IporpeCcCUm.



Onpeoenenue 3. IlocinenoBaTenbHOCTE {a,, } HA3BIBACTCS OECKOHEUHO MAOLL,
ecm lim a,, = 0, 1.e. Ve > 03 N(¢g) > 0:

n—-oo

vn > N(e) — |a,| <e.

Hanpuwmep, {%}, { : }

nz
Onpeoenenue 4. IlocnenoBaTenbHOCTE {X,, } Ha3BIBAETCS OECKOHEUHO HOIbUION,
ecmu lim x,, = oo, T.e€.

n—oo
VE>03IN(E)>0:vn>N(E) - |x,| >E.
Hanpuwmep, {n}, {n?}.

Onpeoenenue 5. Tlocnen0BaTeIbHOCTD {X;, } HA3BIBACTCS 02PAHUUCHHOU C8EPXY,
€CJIM cymiecTByeT unciio M Takoe, 4To

X, < MVn € N.

Onpeoenenue 6. [locnen0BaTeIbHOCTD {X;, } HA3BIBACTCS 02PAHUUCHHOU CHU3Y,
€CJIM CYILIECTBYET YUCIO M TaKoe, 4TO

X, =mvVneN.

Onpeoenenue 7. [1ocnenoBaTeIbHOCTD {X;, } HA3BIBACTCS 02PAHUUCHHOI, €CITH
OHa OrpaHHUY€eHa CBEPXY U CHU3Y.

Onpeoenenue 8. IlocnenoBaTenbHOCTD { X, } HA3BIBAETCS 603pACMAOuiell
(neyoOvisarowett), ecin X, < Xp41 (Xp < X141 ) VN € N, u yowisarouetl
(nesospacmarowetr), ecnu X, > Xppq (X = Xpp1 ) VN E N,

Onpeoenenue 9. Bo3zpacraromire 1 yObIBaIOIIKNE MOCIEI0BATEILHOCTH
Ha3bIBAKOTCA MOHOMOHHbIMU TIOCIIEIOBATEIbHOCTAMH.

Onpeoenenue 10.
Ecnu mocnenoBaTenbHOCTh HE UMEET Mpejiesia, TO €€ Ha3bIBAIOT pacxo0sauyetics.

Teopema Beitepuwmpacca. Bcsixas MOHOTOHHAsSI OTPaHUYEHHAS
MOCJIEIOBATEIBHOCTh UMEET MPEAET.



2. Brrurcaenue npejeiia nocae0BaTeJIbHOCTH.
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1. UncsioBbie psaabl

1.1. YnucnoBou psll, CXOIUMOCTS YMCJIOBOT'O Psiaa

PaccMOTPHM YHCIOBYIO ITOCIEAOBATEIBHOCTD {aAy, }: Ay, Ay, ... Ay, ..

Onpeoenenue 1. Yucnosvim psioom Ha3bIBACTCI HeCKOHeUHAs CyMMa YJICHOB
YHCJIOBOM MMOCIEI0BATENBLHOCTH {a,, }, T.€.

a1+ a+ ..ta,+ =)0,

[Ipu 5TOM @,, HA3BIBACTCS 0OWUM UIeHOM PSJA.

3ameuanue. TlocnenoBaTeIbHOCTD {ay, } MOKET COCTOSTH U3 BEIMICCTBEHHBIX I
KOMIUIEKCHBIX YHCEJI, OHM MOTYT UMETh pa3Hble 3HaKu. [oka OyiemM cuuTats,
4TO A, € R (MHOXKECTBY JE€MCTBUTEIBHBIX YUCEN).

Hp_I/IMepL
o 1

1). —+—+—+ Zn:ln(n+1)'
2).1+1+--=37,1
. 1-1+1—-- =¥ (-1
Onpeodenenue 2. Yacmuunvimu cymmamu YACIOBOTO PAAA ),y —q A, HA3BIBAIOTCS
CYMMBL:

Sl == al, SZ =a1+a2, °cy, Sn == a1 +a2 +"’+an,
KOTOpBIE 00pa3yoT HOBYIO YHCIOBYIO MOCIEAOBATEILHOCTh Sy, Sy, ..., Sy .

Onpeoenenue 3. YucaoBoil pssi Ha3bIBACTCA CXO0AWUMCS, €CTTU CYIIECTBYET
KOHEUYHBIN MPEIEIT MOCIEI0BATENBHOCTH €r0 YaCTUYHBIX CYMM, T.€.



3 lim §,, = S.

n—->o0o

Yucio S Ha3bIBaeTCS CyMMOM psijia.

JlomycKaeTcst 3auch ),y -1 Ay = S, KOTOpas IpUIacT CUMBOY OECKOHEYHOU
CYMMBI YHCJIOBOU CMBICI.

Onpeodenenue 4. YuciioBo psii HA3bIBAETCS paACX00AWUMCSL, €CITU TTPEAEN
MOCJIEIOBATEIbHOCTH YaCTUYHBIX CYMM PaBeH OCCKOHEYHOCTH WM HE
CYILIECTBYET.

Hccnenyem Ha CXOUMOCTbD PSAJIBI.

ITpumep 1.
1 1 1 o 1
mtntant T iegy

Paznoxxum o01IMil wieH psaja Ha CyMMY NPOCTEHIITNX APOOeii:

1 1 1

a, =———= .
n nm+1) n n+1

O L MO R IO

lim S, = lim (1—L)=1=>5=1,

n—oo n—oo n+1

P CXOIOUTCH.

[Tpumep 2.
1+14+--=Y71.

Sp=1+1+--+1=n.
lim S, = lim n = 0 = YyuCcIOBO psi PAaCXOAUTCH.

n—->o0o n—>0o



ITpumep 3.
1-1+1—- =Y, (-1

{1 , eCJIU N — HeyeTHO, n = 2k — 1
Sy =

0, eczimn — 4eTHO, n = 2k

[Ipenen mocnea0BaTEILHOCTH YACTUYHBIX CYMM HE CYIICCTBYET, U PSIJI
pPacxXoauTCs.

ITpumep 4.
1+3+5+-+0Cn—-1D+--=Y-,2n—-1).
BpruuciauM 4aCTUUHYIO CyMMY 3TOTO psija.

Sp=1+3+5++@n—1) ="ED.p=p2

lim S,, = lim n? = o, cienoBaTeNbHO, NAHHBIH P PACXOTUTCA.
n—->00 n—>0o

Ntak, uccieoBaHue YMCIOBOIO psiia HA CXOJAUMOCTb COCTOUT U3 JBYX ITAIOB:
1) Beiuncienue S,

2) Beruncienue lim S,,.
n—>00

1.2. 'eomeTpryeckast Iporpeccust

Onpeodenenue 5. ' eomeTpru4eCcKOr MPOrPECCUEH HA3BIBACTCS YUCIOBAS

nocnenoBaTensHocTh b, bq, bq?, ..., bq™" 1, ...(b # 0, q # 0).

CyMMHpy$ YJICHBI T€OMETPUYECKOM IIPOTPECCHH, TIOTYYMM Pl Yomeq b - g1 —

pSZI TEOMETPUUYECKOUN MPOrpecCcu.
BbIsCHUM BOIIPOC O CXOJIUMOCTH PsiJila TEOMETPUUECKON IPOTrPECCUM.
3anuueM 4acTUYHYK CYMMY 3TOrO psiaa:
Sp+1 =b + bq + bg? + .-+ bq"™ aByms cnocobamu:
Sps1=b+qb+bg+--+ bg" 1) =
=b+q-S,



Sps1 =B+ bg+ -+ bg" 1)+ bg" =
=S, +bq"
[IpupaBHUBAs STH BBIPAKEHHS:
b+q-S,=3S5,+bq",nonyaum S,,(1—q) =b(1—q").

_ b(A-q™

[Ipennonaras, uto q # 1, BeIpazum S,: S, -

Eciu g = 1, oueBugHo, uto S;;, = n - b u lim §,, = oo, T.e. pan pacxoaurcs.

n—-oo
Ecmm |q| <1,70 limq"=0wu lim S, bq T.€. PSAJl CXOJUTCS, M €T0 CyMMa
n—-oo n—-oo
S -
-q’
Ecmu |g] > 1, 10 lim gq" = cou lim S,, = oo, T.e. psia pacxoauTcs.
n—>0o n—>00
bn=2k-1
ECJII/IC[——1,TOSn—b—b+b—b+'"—{ 0.n=2k °

[Ipenen mocaeq0BaTEIbHOCTH YaCTUYHBIX CYMM HE CYIIECTBYET. Psin
PaCXOIUTCH.

Hrak, noka3aHa:

Teopema 1 (0 cXOOUMOCTH PsIIa TEOMETPUUYECKOM IIPOTPECCUN).
b
cxonured, S = o ecau |g| < 1

Pan Yo b-q" 7t -
pacxoauTcs, ecau |q| = 1

1.3. 'apMOHWUYECKUH DAL

1,1 1
Onpeodenenue 6. Pan 1 + Sttt ot = = Y= 1, Z HaspiBaeTCA
2apMOHUYECKUM.

Ka)K)IBIfI YJICH TAapMOHHNYCCKOI'O psAlda, HAYUHAS CO BTOPOTIO, ABJISICTCA
rapMmOHHUYCCKHUM CPCIAHHUM COCCAHUX C HUM YJICHOB!

Loy )

an 2\an-1 An41




N | =

1 1
an—;,anﬂ— 1 (n—1+n+1)—n.

[Toxaxxem, 4TO TAPMOHUYECKUH PsIJ ABJIACTCS pacxoasmumcs. Bocmonp3zyemcest
TEM, 4TO:

1N\ -
1) mocneaoBaTeILHOCTh (1 + Z) SIBJISIETCS. MOHOTOHHO BO3PAaCTarOIIEH, T.K.

9 4\3 64
a1=2<a2=2<a3=(§) =—MHUrT.o.

. 1\ . .
2) lim (1 + ;) = e (2-oli 3aMeYaTenbHbII Mpee), CIeI0BaTEeILHO, BCE YICHBI

n—-o0o

ATOM MOCIEA0BATEIIBHOCTH MEHBIIIE YHUCIA €:
1 n
a, <e, (1+;) <e.
[Iponorapudmupyem gaHHOE HEPABEHCTBO 110 OCHOBAHUIO €:

ln(1+%)n<lne=> nln(nTﬂ)<1 = %>ln(n+1)—lnn.

1
- >In(n+1) —Inn

HOHY‘IGHHOC HCPABCHCTBO CIIPABCJIMBO JJII BCCX HATYPAJIbHBIX 3HaA4YeHMUH N.

( 1>In2—-Inl
%>ln3—ln2

+4 § > [In4 — [n3

\% >In(n+1)—Inn
CkrnaapiBasi 3TM HEpABEHCTBA, nojyyuMm 1 + % + % + -+ % > In(n + 1).

DTO 03HAYAET, UTO
S, >1In(n+ 1),

lim S,, > lim In(n + 1) = oo,
n—>00

n—->0o

a, CIIeIOBATENbHO, 2APMOHUYECKUL PO PACXOOUMCHL.



1.4. HeoOxoaumoe yCIIOBHUE CXOIMMOCTH YHMCIOBOrO DIAA

Teopema 2. Eciii 4MCIOBOM PSIL ) p—q Ay CXOIHUTCS, TO €0 OOIIHI YIeH
CTpeMUTCS K HyJto, T.€. lim a, = 0.

n—oo

Hoxazamenvcmeo: nis cxoasamerocsa psagad lim S, =S u3l lim S, =

n—-0o n—-00o

Tx.a,=S5,—S,-1,703 lima, =lim (5, - S,_.1) =S—-5=0.

n—oo n—oo

3ameuanue. Mpl MOJIY4YUJIN Heobxooumoe YCIO0BUEC CXOAUMOCTH YUCJIIOBOI'O pAaA.

IIpu HapymIeHUM 3TOTO YCIOBHUS PAM 3aBEAOMO pacxoauTcs. [Ipu BeINOTHEHUH
ATOTO YCIOBHUSI PSI MOXKET OBITh KaK CXOASAIIUMCS, TaK M PACXOISIIUMCH.

Bepuemcs k npumepam:

y 1
1). TapMoHUYECKHH PAT Y. —q - lim a,, = 0, HO psA pacxoauTCs.

n—->00

2). Pam Yo—q (1 llm a, = 0, psSa CXOUTCH.

' n

Crneocmsue. Ecnu lim a,, # 0, TO psig pacxoauTcs.

n—oo

HeobOxonumoe ycinoBue ya00HO IPUMEHATH JJIsl I0Ka3aTeIbCTBA paCX0AUMOCTH

PSIOB.
[Tpumepsl.

2n+1 2
1). Psin Yop— 13—paCXOI[I/ITC$I T.K. 1}Ll_r)£10 ;=570

3n+1

2) TAKIKC ABJIACTCA PACXOUAINUMCA, T.K.

2) PHI[ Zn 1(

n

lim (20" = him (1-555) ) =S 0

n—-oo \3n+2 n—oo 3n+2

T.C. HCO6XOI[I/IMO€ YCJI0OBUC HC BBIIIOJHACTCA.

Onpeodenenue 7. Eciiu 0OTOPOCUTD TIEPBBIE N WICHOB PAIA Y. p—q Aj, TO MOTYUHTCS
PAX Apyq + Apyo + -+ Apym + - = Dk=n+1 Ak, KOTOPBIN HA3BIBAETCS
ocmamkom JaHHOTO psja ¢ HOMEPOM N: 1, = Yopo 11 Q.



Teopema 3. Psig cXoauTcCs TOTJa U TOJIBKO TOTJA, KOT/1a CXOAUTCS JIFOOOH U3 €Tro
OCTaTKOB.

Hokazamenvcmeo: JIeCTBUTEIHLHO, OTOpAChIBAHKE HEKOTOPOI'O YKCIIA MEPBBIX

YJICHOB PsiJia U3MEHUT 3HAUYCHUS WICHOB MOCJIEA0BATEILHOCTH YACTUYHBIX CYMM
Ha HEKOTOPYIO BEJIMYUHY, PaBHYIO CyMM€ OTOPOIIECHHBIX YJICHOB, HO HE
MOBJIMSIET HA CXOJUMOCTD.

Teopema 4. Ecin psig CXOOUTCs1, CyMMa €ro OCTaTKa CTPEMHUTCS K HYJIIO C
BO3pacTaHHEM HOMEPA OCTaTKa.

Hokazamenvcmeo: Ecniu S 1 S;, — COOTBETCTBEHHO CyMMa M YaCTUYHAsI CyMMa C

HOMEPOM N CXOAsIErocs psija,
a I'n— cyMMma ero ocrarka, To
=S-S5,

CruenoBaTeabHO,

limr, =Ilim (S-S, =0.

n—>0o n—>0o

1.5. Kpurepuii Ko ¢cXoauMoCTH psiga

CornacHO onpeAeICHUTO, YUCIOBOM PSAJ CXOAUTCS, €CIIU CXOTUTCS
MTOCJIE0BATEIIFHOCTD €0 YaCTUIHBIX CyMM. JIJIsl 9MCI0BOM TTOCIEA0BATCIBHOCTH
KpuTepuii cxonumoctr (kputepuit Kommm) popMyaupyercs ciienyommum
o0pazom:

JUIs1 TOTO, YTOOBI YMCIIOBasl OCAeI0BaTEIbHOCTD S, N = 1,2,3, ..., uMena
KOHEUHBINA Mpejiel, HEOOXOIUMO U JJOCTATOYHO, YTOOBI JIst JTt00oro € > 0
cyliecTBOBaNI Takol HoMep N, uTo J1st Bcex n = N U U1 BCEX HaTypajbHbIX
qricell K BBITIOJIHAIOCH HEPAaBEHCTBO

|Sn+k - Snl <E.

DopMynupys 3Ty TEOPEMY IS OCIEIOBATEILHOCTA YACTUYHBIX CYMM,
MIOJIYYUM KPUTEPUNA CXOAUMOCTH YUCIIOBBIX PAIOB:

10



Teopema 5. Jlns TOro 94TOOBI CXOIUIICS YHCIOBOM PSII D.py 1 A;y, HEOOXOIUMO H
JIOCTaTOYHO, YTOOBI JyIst J1t000r0 € > 0 cymecTBoBaj Takoi Homep N, 4To s
Bcex N = N ¥ [l BCeX HATYPaIbHBIX YUCell K BBITTOIHSIIOCH HEPABEHCTBO

|an+1 tansz + 0t an+k| <E.

B xauectBe nmpumepa npumenenus kpurepus Koy, eme pa3 1okaxem
PacXOIUMOCTb TAPMOHUYECKOTO PSAA.

JIJ1s 3TOr0 OLIEHUM Pa3HOCTh MEXK/TY YaCTUYHBIMU CYMMaMHU TapMOHHYECKOTO
pana |Syix — Spl, monaras k = n:

1 1 1
|52n_Sn| —m+m+“‘+§>

1

1
n=-.
2n 2

CrnenoBaTenbHO, Kakoil Obl HU OBLT HOMEP N, MOYKHO BBIOPATh YHUCIIO
1
k = n tak, uto |S,1x — Syl > >

1
Hrak, ecnu BoIOpaTh € = S M 11000T0 HOMEpa N BRIOpATh YUCIIO

k=n,10 |Spsx—Snl > ¢

H, COIJIaCHO KPpHUTCPHUIO KOHII/I, FapMOHI/I‘IeCKI/Iﬁ pAd paCcxoauTcCs.

1.6. CBOMCTBA CXOIAIINXCSA PATIOB

Cxopgimuecs psapl 00JaJat0T CIEAYOMUMHU TPOCTHIMU CBOMCTBAMMU:

1) ecim 4iIeHBI CXOASAIIETOCS PSia YMHOKUTE Ha OHO U TO K€ YHCJIO0, TO €70
CXOIUMOCTh HE HAPYIINTCS (CyMMa YMHOKHTCS Ha TO YKMCJI0, Ha KOTOPOE ObLIN
YMHOKEHBI YIECHBI PSIa):

Yo i, =S > Yo cra,=c-S.

2) €CIU PSAIBI )\pyq Ay U Yop—q by, CXOAATCS, M UX CYyMMBI paBHBI A 1 B
COOTBETCTBEHHO, TO P Y.ne1(ay, + by,) TakKe CXOAUTCSA U €r0 CyMMa paBHA
A+ B, T.ec.

Yn=1(an +by) =Xn-1an + Xn-1by.

11



3) eciu pAIBI )1 Ay M Do —q1 by, CXOOSATCS, TO

Yn=i(ciay + c2by) =
=C1" Xne1ln + 3" X1 by.

OOparHoe, BooOI111Ie rOBOpsI, HeBepHO. Hampumep,

an _Zn 1(___:

n(n+1) n+1

=Yin= 1 — Y= 1751

1
AN Yint1 i1y CXOAUTCA, PACCMATPHBAIIH B I1. 1.1, a pamst )y, - 1

pacxoasTcs.

Zn 1n+1
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