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Tema 7. Tpuronomerpuueckuii psag @ypsbe

7.1. Tpuronometrpuueckuii psag Oypoe. Koapdummentsr Oypre
7.2. CxoauMmocTsb psga Oypwe

7.3. CXoauMocCTh B cpeaHeM psijga Dypbe

7. Tpuronomerpuueckuii psig ®Pypne

IIpu pemieHMM MHOTUX TEXHUYECKHUX 3a]1a4 TPUXOJUTCS UMETH AEI0
C MEPUOJUYECKUMHU MPOIIECCaMM, ISl OMHCAHUSI KOTOPBIX TPEOYIOTCS
nepuoguyeckue Qynkuuu. Ilpocreiimeit nepuogudeckoil ¢GyHKIHUEH
nepuoga 2m sBasercs GyHkmusg sin (x + ). Ilpum  crmoxeHum
nepuoanyYecKux QyHKIUN

(sin(x +a;), T =2m
< sin(2x + a,),T = %ﬂ

. 2T
Lsm(nx +a,),T = —

MOJIyYUM MEPUOANYECKYIO0 (PYHKIIHIO C IEPUOJIOM 2TT.

EcTecTBEHHO BO3HMKAET OOpaTHBIA BOMPOC: MOXKHO JIM 33aJaHHYIO
nepuoauyeckyto GyHkiuwo f(x) ¢ mepuoaoM 21 MPEICTaBUTb B BUJC
CyMMBl  KOHEYHOTO WJIM OECKOHEYHOrO  4YuCia  MPOCTEUIINX
neproanyeckux Gpyukumii Buga sin(nx + a,,):

f(x) =Ay+ Z Apsin(nx + ay) ?
n=1

[TocrosiHHOE craraemoe Ay MOKHO CUUTATh MEPUOANYECKON (DYHKIIUEH C
J00BIM MEPUOJIOM, B TOM YHCJIE U C IEPUOJIOM 2TT.



B wmexanmke (Qynkuus sin(nx + @,) omnmchiBaeT mpocTeiiiiee
rapMOHHYECKOE KOJIeOaTeIbHOE JBIDKCHHE. [Ipeacrasinenue
nepuoanyeckoit  ¢yHkiuu  f(x) B BHAS CYMMBI IPOCTCHIINX
NEPUOANUCCKUX (YHKIUHA MOXHO pacCMaTPUBATh KaK pPa3jIoKCHHUEC
CIO)KHOTO KOJie0aHWs Ha OTJACIbHbIE TapMOHHMYECKHE KOJICOaHUS.
Oyukiun  Buga sin(nx + a,), BXOASIIME B COCTaB PAa3IOKCHUS
nepuoanueckoil  pyukmmu  f(Xx), Ha3bIBAIOTCSI TapMOHUYECKHUMHU
COCTABJISIOIIUMHU 3TOH (PYHKIIUN WU TIPOCTO 2APMOHUKAMU.

[Tonp3ysACh TPUTOHOMETPUUYECKAM TOKIAECCTBOM:

sin(nx + a;,,) = sina,, ' cosnx + cosa,, * Sinnx , HOAyYUM

f(x) =Ay+ Z Ay,sina,, - cosnx + A, cosa,, - sinnx

n=1
O6o3navas A, sina, = a,, A,cosa,, = b,, pa3noxeHne NEPUOIUIECKOM
byuknuu f(x) MOKHO IEpenucaTh B BUIC:

f(x) =A,+ Z(an -cosnx + b, * sinnx) (1)

n=1

7.1. Tpuronomerpuueckui paa Pyvpee. Kordbduimmentsr Dypne

[Mycts Gynkuus f(x):

1) onpeneneHa Ha BCEe# YMCIOBOM OCH,

2) IepuouYHa C TICPHOIAOM 27T

3) ABNsETCS HEMPEPHIBHON WIIH KyCOYHO-HETIPEPHIBHOM HA OTPE3Ke
[—m,m] (byHkums Ha3pIBaeTCI KyCOYHO-HEMPEPHIBHOM Ha
OTpE3KE, €CJIM OHA HEMPEPBIBHA BO BCEX TOYKAX 3TOr0 OTPE3KA 3
UCKJIFOYEHHEM KOHEYHOI'0 YHUCJIa TOYEK, B KOTOPBIX (DYHKIHUS
TEPIUT Pa3pbiB MEPBOTO POJa, T.€. B 3TUX TOUYKAX CYIIECTBYIOT
KOHEYHBIE OJJHOCTOPOHHUE Npeeiabl GYHKINU, HE PABHBIC APYT

JPYTY)-
[Mpennonaras, uto f(x) mpeacTaBiseTcss B BHAEC CYMMBbI
MPOCTEUIINX TPUTOHOMETPUUYECKUX (DYHKIMH, HaileM K03(hOUIIMEHTHI



psaaa (1). C aToil 1enpo NpouHTErpUpyeM 00e yacTu paBeHcTBa (1) Ha
oTpe3ke [—m, ]|, 4To ompaBmaHO, HapUMEp, B ClIydae PaBHOMEPHOM
CXOJMMOCTH Ha 3TOM OTpe3Ke (YyHKIIMOHAIBHOTO psifa, CTOSIIETO B
npaBoi yactu paBeHcTBa (1).

T
fx)dx =
—TT
YA © T T
= j Aygdx + 2 (an : f cosnxdx + b, - sinnxdx)
—TT n=1 —TT —TT

Bocnonb3zyemces TeM, 4TO:

T 1 /s
j cosnxdx = —sinnx =0

r n _n
VA 1 T
f sinnxdx = ——cosnx =0
r n _n
Torna
T
f(x)dx = A, - 2m
-1
OTKyJa
1 T
Ay = — dx.
0= 5 j_ﬂf(x) x

J{ns BrunciieHust Ko3hPuuueHToB a,, YMHOKUM 00€ 4yacTu paBeHcTBa (1)
Ha COSKX W MPOMHTETPUPYEM Ha OTpe3ke [—, ],

T /s

f(x)coskxdx =f Aycoskxdx +

—TT —TT

-1

© T T
+ z (an : j cosnx - coskxdx + b, - | sinnx - coskxdx)
n=1 -

[Tosb3ysich TEM, YTO:



T
] cosnx - coskxdx =0, ecauk # n,
—TT

VA
j sinnx - coskxdx = 0, pgjg 100bIX kK U n,
—Tr
VA 1 T
j cos’nxdx = —f (1 + cos2nx)dx = m,
—T 2 -7

T
f Agcoskxdx = 0,
-

ecau n # 0, momyuum

OTKYy/1a:
1 T

a, = —f f(x)cosnxdx,n =1,2,3, ...
n —TT

AHAaOTUYHO, JJI BBIYUCIEHUA KOd(PPUIIUEHTOB b,, yMHOXHUM 00€ 4acTu
paBerctBa (1) Ha sinkx u mnpouHTerpupyeM Ha OTpe3ke [—T, 1],
TOJTYYUM:

1 T
b, = —j f(x)sinnxdx,n = 1,2,3, ...
n —TT

Yto0bl hopmyIibl Aist KO3PPUIMEHTOB BBITIIAICIH €IUHOO0PAa3HO,
0003HaYUM

1 A
ap, = 24, = Ej f(x)dx.
—TT

Wrak, mis moboit ¢pyskinmu f(x), KyCOYHO-HENPEPHIBHOW Ha
OTpe3Ke [—1T, 7|, MOXKHO BBIYHUCIUTH KOY()(DHUIIMEHTHI:

1 T
=— d
Qo - _nf(x) X,
1 T
a, = Ej f(x)cosnxdx,n =1,2,3,...,(2)
—-1T

1 T
b, = —j f(x)sinnxdx,n = 1,2,3, ...
T —TT



KOTOpbIE Ha3bIBAIOTCS Kodppuyuenmamu @ypve 3TON QPyHKIUU, U
MIOCTaBUTh B COOTBETCTBHUE dTOW (PYHKITUU PSII:

flx) - % + Z(an -cosnx + b, - sinnx) (3)
n=1

KOTOPBIM HA3BIBACTCA mMpucoHoMempuueckum psoom Dypve ITOU
GbyHKIUU.

Onpeoenenue 1. Cuctema QyHKITUH:
1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, ...,

Ha OCHOBE KOTOPOM TMOCTPOCH TPHUTOHOMETpUUECKUU psax Dypse,
HA3BIBACTCS OCHOBHOU MPUSOHOMEMPUYECKOU cucmemol yukyuti. ITa
cUCTeMa Ha oTpe3ke [—7r, | 0b0iamaeT CBOWCTBOM OpPTOTOHAIBHOCTH:
WHTETpaj OT IPOU3BEACHUS JIOOBIX ABYX (YHKIIUHA ATOW CHCTEMBI Ha
OTpe3Ke [—m, | paBeH HyIIIO.

7.2. CxonuMocTh psaaa Oypee

[peamnonaras, uro ¢pyHkus f (x) SABISETCSA KyCOYHO-HETPEPHIBHON
HAa OTpe3Ke [—T, 7|, MmocTaBUM OSTOM (PYHKIHMH B COOTBETCTBUE €€
TPUTOHOMETpUUYECKUU psif DPyphe.

[Ipeanomoxkum  Temepb, 4YTO  (YHKIUSA  SBISETCA  KYyCOYHO-
mudepeHmpyemoit Ha oTpeske [—1, ]. To 03HavaeT, OTPE3OK [—T, ]
MOXHO pa3Je/IuTh Ha KOHEYHOE YHCJIO0 OTPE3KOB, BHYTPH KOTOPHBIX
byukuua auddepeHurpyema, a Ha KOHI[AX OTPE3KOB UMEET HE TOIBKO
KOHEUHBIE MpeJebHbIe 3HAYCHUS, HO U OJJHOCTOPOHHUE TTPOU3BOIHBIC
IIPU YCJIOBUU 3aMEHBI Ha KOHIIAX 3TUX OTPE3KOB 3HAUCHUN (HYHKIIUU Ha
COOTBETCTBYIOIINE MPEICIIbHBIC 3HAUCHUS.

Teopema Jlupuxyie  yCTaHABIMBAET YCJIOBUA  CXOAUMOCTH
TPUTOHOMETPUUECKOro psifia Oypbe U CBSA3b MEXKAY 3HAUCHHUEM CaMOM
GyHKIIMU ©U CyMMOH ee TpuroHomerpuueckoro psaga Dypee.
Chopmynupyem  Teopemy Jlupuxiae 0e3  jgokazarenbcTBa. B
(bOpMyIHPOBKE TEOPEMBbI HMCIONB3yeM BoIpakeHus  f(xo —0) wu
f(xo + 0) gns obo3HaYCHMS OAHOCTOPOHHMX mpeaenoB Gyukuuu f(x)
IIPY YCIIOBUH, YTO X CTPEMUTCA K X CJIEBA U CIIpaBa COOTBETCTBEHHO.



Teopema [Qupuxne. Ilycte ¢yukims f(x) ompemencHa U KyCOYHO-
muddeperupyema Ha oTpeske [—m,m]. Torma TpUroOHOMETpHUCCKUI
psan @ypwe 310N QYHKIMHM CXOAUTCS B KAXKIOW TOUKE OTpe3Ke [—T, 1T], u
cymma S(x) 3TOro psifia yI0BIECTBOPSACT CACAYIOIIUM YCIOBUAM:

1) S(xy) = f(x() BO Bcex Toukax mHTepBajia (—7,T), B KOTOPBIX
f (x) HenpepsiBHa,

2) S(xp) = %(f(xo —0) + f(xo+0)) BO BCex TouKkax paspbiBa
GyHKIMH,

3) S(m) = S(—m) = (f (- + 0) + f( — 0)).

3ameuanue. Teopema ocTaeTcs CripaBeIJIMBOM B cllydae, KOraa PyHKIIHS

f(x) ompenencHa Ha BCeil YMCIOBOM OCH, SBISCTCS MEPUOAUYCCKON C
nepuoIoM 27 U Ha OTpe3ke [—, ] KycouHo-auddepeHupyema.

Tounee, B 3TOM cillydae TPUTOHOMETPUIECKH psia Pyphbe 3T0# PyHKIHMH
CXOAMTCS Ha BCEH uMCIOBOM ocH, M cymma S(x) a3Toro psza
YIOBJIETBOPSECT YCIOBUSAM:

1) S(xg) = f(xy) BO Bcex TOUKax MpsiMOi (—00, +00), B KOTOPBIX f (X)
HeTpephIBHA,

2) S(xq) = %(f(xo —0)+ f(xo+0)) Bo Bcex TOuKax paspbiBa
byHKIMH.

[Mpumep 1. Pasnmoxuts B psig dypwe dyHkmuio f(x) mepuona 2T,

3aJIaHHYIO Ha OTpe3Ke [—T, 7] cieayommum o0pa3oMm:

n, —-n<x<0
f(x)_{n—x, 0<x<m

O6ocHoBath cxonumocTs psiga @ypee. HapucoBats rpaduk cyMmsl psijia
Dypee.

I'paduk pyHkimu f(x) BRINISIAT TaK:



flx),

v =

i -7 -7 0 T 2n in dn St

Pemenue. Beruncnum ko hunrieHTsr Oyphe 3T PyHKINUU:

ag =%<f_(;ndx+fon(n—x)dx) =

1 m\ 3 a, 3
= — 2 2 _ = — _— = -
T[<7T + 1T 2) 277,2 477.

1 0 T
a, = - (f - cosnxdx + J (mr—x) - cosnxdx) =
-7 0

u=m—x dv = cosnxdx

— 1
[du = —dx v = —sinnx ]

n

J-

1 T—X T 1
=—|0+ smnx| — — CcOoSnx

T n o n?
1 0O,n =2k
=——((-D"=-1) =1 2 .
mn? (=D ) {—2,n=2k+1
n

1 0 T
b, = — <j 7 - sinnxdx + f (m—x) - sinnxdx) =
n -7 0

u=mT—x dv = sinnxdx
— 1
du = —-dx v = ——cosnx

n

1/ = N T 1 T
=—|—-=- cosnx| — cosnx| — —sinnx| | =
T\ n _n n o n




Tpuronomerpuueckuii panx ®Pypse S(X), COOTBETCTBYIOIIMI JTaHHOM
GyHKIIMU, UMEET BUI:

3 2 /cosx cos3x cosbx
f(x)—>47r+ ( 7 t 3zt = +--->—
( _ sin2x N sin3x )
sinx > 3

[Tockonpky maHHas (QYHKIWS HETPEPHIBHA BO BCEX BHYTPEHHHUX
TOYKax OTpe3ka [—m,m], To corimacHo Teopeme [upuxie mis Bcex
x € (—m, ™) umeeT MecTo paBeHcTBO: f(x) = S(X).

Hanpumep, nonarag x = 0, momy4um:
3 2 1 1
TL'=ZT[+ (1+§+§+ )
WU

2

Z 2k + 1)2 ?'

Ha xonmax otpeska [—m,m] cymma psaa Dypbe HMeEeT Cieayrolee
3HAYCHHE:

1 1
S(iﬂ) =§(f(—77.'+0) +f(7'[—0)) =§T[.

Ha pucynke nokasansl rpaduku pyHkimu f(x) u cymmsr S(x) ee psana
dypre:

—nt<x<0
f(x)—{ —x, 0<x<m



fx) 4

v =

T 2n Am 4 Sm

7.3. CxoauMocCTh B cpeareM psiiia Dypre

[Mycte dyuknus f(x)ompenenena Ha otpeske [a,b], u craBuTCA
3a]1a4a 0 HAWJIY4IlIeM MPUOJIMKCHUH STOW (QYHKIIUN C TIOMOIIBIO IPYTOM
byukiuu g(x) U3 ONpeacIeHHOro Kiacca (yHKIIHHM, OnpeaeIeHHbIX Ha
TOM ke oTpe3ke. Ecinu Tpedyercs o0ecneunTh OJU30CTh (PYHKIUM BO
BCEX TOYKaX OTpe3Ka, TO B Ka4yecTBe KpUTEpHss OJU30CTH
paccMaTpUBACTCS BEIMYHHA, PaBHAS

MmaXyela,b) If(x) — g ()

u ¢Qynkuus g(x) BbIOMpaeTcss Tak, 4TOOBI 3Ta BEIMYMHA NpPUHUMAA
HaMMEHbIIIEe BO3MOXKHOE 3HaueHHe. B »Tom ciyuae obecneumBaeTcs
paBHOMEpHas Ha BCEM OTpe3ke Oau3ocTh QyHKuui. Eciau TpeOyercs
obecnieuuTh 0JM30CTh (DYHKIUM HA OTPE3KE B CPEHEM, TO B KAU€CTBE
KpUTepusl OJIM30CTH PACCMaTPUBAIOT BEJIMYUHY, PABHYIO

b
f (FO0) — g(0)? dx.

Jns DOCTHXKEHUST HaWJIydlllero NpUOJIMKEHHS B CpeIHEM TpeOyeTcs
MHUHUMHU3UPOBATH 3TY BEJIMYUHY.

v =



[Mycte dyakmus f(x) kycouno-mubddepeHIMpyeMa Ha OTPE3KE
[—m, m]. Torma coriacHo TeopeMe J{Mpuxje TPUTOHOMETPUUSCKHUHN P
Dypbe 3TON PYHKIIMHU BO BCEX TOUKAX HEMPEPHIBHOCTU CXOJUTCS K ITOU
dbyHKIA. MOXHO TIOKa3aTh, YTO BEITNINHA

b
5, = f (F () — Sp(0))? dx,

XapaKkTepU3yIoIlas OTKIOHEHHE B CPEIHEM YaCTUYHOM CyMMBI Sy (X)
TpuroHoMmerpuyeckoro psga Pypee or dyHkuum f(x) Ha OTpeske
[—m, ], cTpemuTest K Hyto ipu n — oo: lim §,, = 0.

n—>0o

OTO O3HAYAET, YTO TPUTOHOMETPUUECKUN paAn Pyppe CXOAUTCA B
CpEIHEM Ha OTpe3Ke [—T, ] K CBoei cyMMe.

Kadbounuentsr @ypre Gyukiuu f(x) yI0oBICTBOPAIOT pABEHCTBY:
a 2 had 1 (™
ot ) (an? +by?) = —j 2 (x)dx,
2 ] TJ)_g
n=

KOTOpOE Ha3bIBaeTcs pasencmeom llapcesans W SBISETCS aHAIOTOM
Teopembl [ludaropa B OECKOHEUHOMEPHOM MPOCTPAHCTBE (DYHKITUH,
Kyco4dHO-Ir(depeHInpyeMbIX Ha OTpe3ke [—Tt, 1T].

JIeliCTBUTENBHO, €CIIM CYUTATh, YTO KBaAPAT “IIMHBI (DYHKIUH B 3TOM
MIPOCTPAHCTBE PAaBEH

| Zfz(")d"'

YTO OCHOBHAsl TPUTOHOMETpHUYECKas cuctemMa (QYHKIUH SBISIETCS
0a3uCOM 3TOT0 IPOCTPAHCTBA,

a psan Oypre — pazinokeHueM (PyHKIMU MO 3TOMY 0a3ucy, TO, COTJIACHO
paBeHcTBY IlapceBans, kBaapar “nnuMHbl (QYHKIMH® pPaBEH CyMME
KBaJpaToOB €€ KOOpINHAT.

B vactHoM ciydae, korga pyuknus f(x) HempepblBHA Ha OTPE3KE
[-m,m] W uMeeT KyCOYHO-HENMPEPHIBHYIO MPOM3BOAHYIO Ha 3TOM
OTpe3Ke, TO €€ TpPUroHOMeTpudeckuil psg Dypbe CXOAUTCA BO BCEX
TOYKAaxX 3TOT0 oTpe3ka K pynkuuu f(x), mpuyemM paBHOMEPHO.



