LleHTp gucTaHUMOHHOro oby4eHuUA
@

MareMaTHYeCKHA AaHAJIN3-3
Jlexkmusa 11

Tema 3. UuTerpupoBanue pyHKIMH KOMILJIEKCHOTO NIePeMEHHOT0
3.2. Teopema Komu. UnTerpanbaas popmyna Ko

Tema 4. Psaabl ¢ KOMILUIEKCHBIMHU WieHaMu. Psaabl Teisiopa u Jlopana

4.1. Yucnoele psAbl ¢ KOMIUIEKCHBIMU YJICHAMHA
4.2. Pan Teunopa

3.2. Teopema Komm. Marerpansras dopmyiaa Kormum

Teopema 2 (meopema Kowwu Onsi oonocessnou obracmu) Ecmm f(z) —
aHaMUTUYeCKass (PyHKIMS B OJHOCBsI3HOM oOnactu D u C — 3aMKHYTBIN
KOHTYp, IMpUHAJJIekKAMi 00nacTti D, TO UHTErpall HE 3aBUCHUT OT IyTH
WHTETPUPOBAHUS U

jgcf (z)dz = 0.

Hanmomunanue: 00;1acTh Ha3bIBA€TCS OJHOCBS3HOM, €CIIU JII00YI0 3aMKHYTYIO
KPUBYIO, IPUHAJICIKAITYIO 00JIACTH, MOKHO CTSHYTh B TOUKY, HE BBIXOS 3a
npeJieibl 00JacTH.

Jlokazamenvbcmeo.
f(z) = u+ iv — aHanUTHYHA, CJIEJIOBATEIILHO, BBIMOIHSIIOTCS YCIOBHS
ou Jv odu ov
Komun-Pumana; — = —,— = — —,
0x dy 0dy 0x

7€ (u+iv)d(x +iy) =
C

=7€ udx—vdy+i3€ udy + vdx =
C C



npuMmeHuM Popmyay 'puHa:

jéCde+Qdy ﬂ a—Q—a—P dxdy B

_ﬂ(av 6udd+ﬂ Ju avdd_o
), axay“" ax yxy—.

Onpeodenenue 2. Jlunusi HAa3BIBACTCS CE5A3HOU, €CIIA U3 JTIOOOW €€ TOYKH MOYKHO
MPOMTH 10 ATOM JTMHUU B JIFOOYIO IPYTYIO €€ TOUKY.

Onpeoenenue 3. Ilopsiokom ces3Hocmu OTpaHHUYEHHOW 0oOmacTu D Ha3pIBaeTCs
YUCJIO CBA3HBIX YacTEel, Ha KOTOPOE pa30MBAETCS €€ rpaHulla.

Hanpumep, kpyr |z| < 1 — ogHOCBsI3HAs 001aCTh, @ KOJIBIO
1 < |z| < 2 — aByCBsA3HAas 001aCTh.

Teopema 3 (meopema Kowiu ons mHococesasuot obnacmu).
Ecin gyukuust f(z) aHaINTHYHA B 3aMKHYTOMH 061acTH D, OrpaHHYeHHO
KpuBbIMHU L, Ly, ..., Ly, TO
$ f(z)dz=0,L = Lo+ Ly + *+ + Ly, 1p ycrioBuu, 4T0 00X0J BCeX
KOHTYPOB COBEpIIACTCS TAK, 4TO 0071aCTh D OCTAeTCS ¢ OXHOM CTOPOHBI
(cneBa).




Cneocmeue. Eciu Bce

KOHTYPBI TPOXOJIUTH B OJHOM
HanpaBJICHUU (HaIpuMep,
MIPOTUB YaCOBOU CTPEJIKHU), TO

fLOf(Z)dZ =
lef (z)dz+...+ anf (2)dz,

T.€. HHTErpajl 10 BHEUIHEMY
KOHTYpPY L, paBEH CyMMe
MHTETPAJIOB 110 BHYTPECHHUM
KOHTYpaM.

Teopema 4 (unmeepanvras
Gopmyna Kowu)

Eciu D — OJHOCBs3Has1 NJIM MHOI'OCBA3HAasA O6J'IaCTI>, OrpaHNYCHHAA

KoHTYypoM L, u f(z) — ogHo3Ha4yHas u aHaauTudeckas B D pyHkius,

TOorJa JJIs Jno60171 TOYKU Zo € D cnpaBeniuBa ¢popmynia

Z—Zy

f(zp) =

21u

Teopema 5. Ecnu byuxuus f(z) ananutidna B oonactu D u HenpepsiBHa B D,

TO BO BCEX BHYTPEHHHUX TOYKaX 00acTH y QYHKIMH f(Z) CyIIeCTBYIOT

HpOI/IBBOI[HBIG 00010 NopsiaKa, MpuYeM crpaBeinBa popmyia

f®(z0) =

f f(z)

2mi

L(z z )n+1

dz,

rae zg € D, a L — rpanuiia obnactu D.

Otoit  GopmMysIoOl  MOXKHO TIOJIB30BATHCS IS

MHTETPasoB.

IIpumepoi.

Ilpumep 1. Beraucauth HHTErpall f

1

1)L:|Z_1|=E’
2) L: |z — 1| = 2,
3)L:|z—1| = 4.

Pewenue:

dz ecliu

BBIYHCJICHUA HCKOTOPBIX



1 . .
1) L:|z—1| = pe B 3aMkHyTOH 001acTH, OrpPaHHYCHHON OKPYKHOCTBIO

1
|z —1| = ~» TIOJIbIHTET pajibHas (GyHKIMS aHATUTAYECKas, T. K. TOYKH, B KOTOPHIX

3HaMeHaTesb oOpamaercs B HyJb z; = 0, Z, = 4 He BXoAsT B obnactb. Torma mo
teopeMe Korim

eZ
———dz = 0.
flz—llz%ZZ — 4z

2) L:|z — 1| = 2. BuyTpu 00y1acTH, OrpaHUYEHHON OKPY)KHOCTBIO |2z — 1| = 2,
HaXOJUTCS OJHA Touka z; = (0, B KOTOpOH 3HaMeHaTeab oOpalaeTrcs B HOJIb.
Ilepenuiiem nHTErpan B BUAE

e’ 4
f z—dZ = f Z= dz.
Iz—1|=2Z° — 4z lz-1]=2 <

e? o o
Oyuknus f(z) = —, AIBJISICTCS aHATMTHYECKON B IaHHOM o0JIacTu.
Z—

[Mpumensist uaTerpanbuyio popmyny Kommu (z, = 0)

1 (f@

2mi ), z — z,

f i —2'(ez> .
pajm22?— 4z T \z—4 =0 =M\ TZ) =T

3) L:|z — 1| = 4. B o0nacTu, OTpaHUYECHHOMN OKPY’KHOCTBIO
|z—1| =4, umeem gBe Touku z; =0, Z, =4 B KOTOPBIX 3HAMCHATEIb
NOABIHTETPANIBHON ~ (PyHKIMHM oOpamaercss B HyJb. IlpumMeHuts cpasy
UHTErpaibHyt0 Qopmyny Komm Henb3s. PemuTes 3amady MOXHO JByMs
crocobamu.

f(zp) =

MOJyYUM

1 cnoco6. Paznoxum 1poOb Ha IpocTeuIne, Moaydum

z2—4z

1 A B

22—4222—4 zZ

Haiinem A u B m00bIM criocoOoM (Hamnmpumep, METOJ0M HEOTPEICICHHBIX

1 1
ko3 PuiueHToB). A = " B = — 5 T€.



1 1 1 11

72 —4z 4 z—4 4 7
[ToxcTaBisAs B MHTETPAI, MOJTYYUM

j e’ 1f e’ q 1f ezd
—_—_— - Z — — —azZ =
|z—1|=4Z(Z —4) 4 1z—1]=4Z — 4 4)i2-1)=4 2

1 _ 1 _ 21l mi(e* — 1)
=7 2mi(e®) |, _, — 7 2mi(e®) |,_, = - (e*—1) = >

2 cnoco6. ITocTpouM OKpPYKHOCTH € U C, C IIEHTPOM B ToUkax z; = 0uz, = 4
HACTOJILKO MAaJIbIX PaJNyCOB, YTOOBI OKPYXKHOCTH C; U C; HE TEPECEKAINCh H
LEIMKOM JIeXanu B kpyre |z — 1| < 4. B TpexcBsi3HO# 00/1aCTH, OrpaHUYCHHOM
OKpyXHOCTSIMU |z — 1| = 4, ¢, ¢, TOABIHTErpaibHas (QYHKIMS aHAJIUTHYHA.
Tornma mo Teopeme 3 Koru a1t MHOTOCBS3HOM 001aCTH (CM. pHC.)

eZ eZ eZ
—dz=j —dz+j ——dz.
jlz_1|=4z(z —4) e z(z—4) ¢ z(z—4)

y

K kaxaoMy HHTErpaity B IPaBOi 4aCTU MPUMEHUM UHTETPAIBHYIO (OPMYITy
Komm. ITomyyum

e’ e’ e’
e ) ()
jlz_1|=4z(z—4) SRRl 2= + 27 z 2=a

_, ( 1)+2 e” mi(e*—1)
= 2mi( 7 i = 5 .

[TomyueH TOT ke pe3yJIbTatT, YTO U MEPBBIM CIIOCOOOM.




sin2z
(%)

T
Pemenne: Touka Zo = OPUHAINCKHUT KPYry |z| < 1. Tlpumennm

IIpumep 2. BeryuciauTh MHTErpaj dz
|z]=1

uHTerpaibayio popmyay Ko, f(z) = sin2z

sin2z 2L ., _ . |
j 3 dz = o1 (sin2z) |Z=% = 4mi(—sin2z) |Z=% = —471i,
A= (z - )

4. Psiabl ¢ KOMILIEKCHBIMU wieHaMu. Psiabl Teitsiopa u Jlopana

4.1. YncaoBeI€ pSALI C KOMIDIEKCHBIMUA YWICHAMHU

Onpeoenenue 1. [TocnemoBaTebHOCTh KOMILIEKCHBIX YHCEN
{z, = x, +iy,},n = 1,2,.., Ha3bIBaeTCs CXOMSILIEHCS, €CIU CXOIATCS
COOTBETCTBYIOIIUE IIOCIIEOBATEIBHOCTH ICHCTBUTEIBHON YacTu {X,} u
MHHMMOM 4acTH {y,, }.

[Iycth 3a7aHa MOCJI€I0BATEIbHOCTD KOMILJIEKCHBIX qucen
{z, =x,+iy,},n=12,... CocTaBiaeHHOE u3 YJICHOB ATOU
MIOCJIEI0BATEIbHOCTH BBIPAKECHHUE

Zq +zz+-~+zn+---=Zzn
n=1

Ha3bIBACTCA YUCTIO6bIM pﬂaOﬂ/l C KOMNJIEKCHbIMU YTIeHAMU, Zy — 06H1Hﬁ YICH pAaa.

Cymma S,, = z; + z, + -+ z,, HazpIBaeTCs N-0OM YACTUYHOU CYMMOM psja.
YacTtuuHble CyMMBI OOpa3ylOT HOBYK YHCIOBYKO TMOCJIEI0BATEIbHOCTh
51,85, , Sy,

Onpeoenenue 2. YucmoBoil psiJ ¢ KOMIUIEKCHBIMH YICHAMHU HAa3bIBACTCS
CXOOAUWUMCSL, €CIU CYUIECTBYET KOHEYHBIM Mpeiesn MOCIeI0BAaTeIbHOCTH €ro
JaCTUYHBIX CyMM, T.€. 3 lim S, = §. Yucno S HazpiBaeTCs CyMMOH psija.

n—>00

YucioBoM psiJl HA3bIBACTCS PACX00AWUMCS, €CITU TIPEJIET TTOCIIEe10BATEIIbHOCTH
JACTUYHBIX CYMM paBeH OECKOHEYHOCTH WJIU HE CYIIECTBYET.

I/ICCHCI[OBaHI/IC psaaa ¢ KOMIUNICKCHBIMHU YJICHAMU CBOIUTCA K HCCICIOBAHHIO
ABYX BCHICCTBCHHLIX PAAOB HA OCHOBAHHUHU CIICAYIOIICTO YTBCPIKIACHUA.



CXOI[I/IMOCTI) psaaa ¢ KOMINICKCHBIMHA YJICHAMU

Yre1Zn = Ymeq1(Xn +iy,) ¥ cymme S = A + iB paBHOCHJIbHA CXOJUMOCTH
JBYX BEIIECTBEHHBIX PSIJIOB Y. —q1 Xy M Yop—1 Y COOTBETCTBEHHO K cyMMaM A u B.

Onpeoenenue 3. Psig ¢ KOMIUIGKCHBIMH YJI€HAMHM HAa3BIBACTCA aOCOIFOMHO
CX00AUMUMCAL, eCclin CXOJIUTCA pAan u3 MOJTyJIEN

21010=1|an = Z1O”Lo=1|xn + iynl = Z%ozl\/ xnz + ynz'

Teopema 1. Eciiv cxXoauTcs psiji U3 MOAYJIEH YWICHOB JAHHOTO s, TO CXOIUTCA
Y caM psii ¢ KOMIUIEKCHBIMH YJICHAMHU.

4.2. Psan Tennopa. Koaddunmenrtsl psana. Paznoxenue dyHKIMH,

AHAJINTUYECKON B KPYTe, B CTENEHHOU PSI

[Iycte paHa TOCIIENOBATENBHOCTh (PYHKIUM KOMIUIEKCHOM TEPEMEHHOU
uqy(2),u,(2), ...,u,(2),..., OIpEemEIEHHBIX HA HEKOTOPOM MHOXeCTBE D
KOMIUIEKCHOW miockocTu: D C C.

Bripaxkenue BUA @)+ u,( @)+ -+ uy(2) + =Y un(2)
HA3BIBACTCS (DYHKYUOHAILHBIM PAJIOM C KOMIUIEKCHBIMHU WICHAMHU.
Onpeoenenue 4. MHOXKECTBO 3HAUYCHUNW MNEPEMEHHOW Z, NOPU KOTOPBIX

(YHKUMOHANBHBIA PAl CXOAMTCS, HA3BIBACTCA 00.1ACMbIO CXOOUMOCU
(GYHKIMOHAJIBHOTO PAJIa.

Onpeoenenue 5. Psa Buna

Co+¢1(z—29) + c3(z — zg)%+... +c,(z — zy)"+...=
(0.0]
n
2 Cn (Z - ZO) )
n=0
TJI€ Cp, U Zo — KOMIUIEKCHBIE IOCTOSIHHBIE, 4 Z — KOMILIEKCHAs IIepeMeHHas,
HA3LIBACTCS CHIENEHHbIM PSOOM B KOMILIEKCHOH 001acTHy.

IIpu zy = 0 cTeneHHOM PsAJT UMEET BU/T

(0.0)

Chz™ =co+ 1z + cpz% + -

n=0



Teopema 2 (meopema Abens). 11yctb cTenneHHOMN psJl

2 cn(z —zy)" =
n=0
= Cp + Cl(Z — Zo) + Cz(Z — Zo)z‘l‘. - +Cn(Z — Zo)n‘l‘. -

CXOJIUTCSI B HEKOTOPOM TOUKE Z; # Z,. Torma aToT psii abcontomHno CXOIUTCs B
Kpyre |z — zy| < |z — zy| = R.

Cneocmeue 1. Eciu CTEIEHHOM PSIN Yop—o Cn (Z — Z)™ pacxoauTcsi B HEKOTOPOU
TOYKE Z; # Zg, TO OTOT PSJ PACXOAUTCSA B 00JIaCTH

|z — zy| > |2y — 29| = R, 1.e. BHE Kpyra |z — zo| < |2z, — z9| = R.

Cnedcmeue 2. JIyst CTENEHHOTO psifia Yp—o Cn(Z — z)™ cyliecTByeT 4KCiIO

R,0 < R < 400 , Ha3BIBAEMOE paoUycom cX0OUMOCMuY CTEIICHHOTO Psijia, TAaKOe,
9TO BHYTPH Kpyra |z — zy| < R psix CXOAUTCS, a BHE 3TOTO Kpyra, T.€. B 0071aCcTH
|z — zy| > R, psaa pacxoauTces.

Ecmu R — paauyc CXOAMMOCTH, TO 0011aCTh |z — Zy| < R Ha3bIBaeTCs Kpyeom
CXOO0UMOCmU CTENIEHHOTO psAna. B Toukax rpanuipl |z — z5| = R psa MOXET Kak
CXOIMTHLCS, TAK U PACXOIUTHCS. B 9TOM ciaydae TpeOyeTcst JOIOIHUTEILHOE
UCCIIEIOBAHNE.

Teopema 3. O®yukius f(z), ananutudHas B kpyre |z — z,| < R, pasznaraercs B
HEM €JMHCTBEHHBIM 00pa30M B CXOASIIUICS K HEW cTereHHou psj Teinopa
f(2) =YX -0cn(Z — 2p)", KO3PPUIMEHTB KOTOPOTO C;, BBIYHUCIISIOTCS T10

dbopmynam

(n)
1 f f(Z)dZ — f (ZO)’ (n — 0’1, - .)’

C,, = =
N 2mi L (z—zy)"t1 n!

rze L — OKpY»KHOCTb C IIEHTPOM Z, LETUKOM JICKAIIas B KPYre CXOAUMOCTH Psiia
|z — z5| < R.

IIpenmnomaraercs, 4T0 OKPYKHOCTb IMIPOXOJAUTCS B TIOJIOKUTEIbHOM HAIIPABJICHUH,
T.€. IPOTUB YaCOBOU CTPEJIKH.



CHpaBeﬂHI/IBLI CIACAYIOMMC PAa3JI0KCHUA B PO Tefmopa B OKPCCTHOCTH TOYKH
ZO == O
ZTl

T A g
- ZE T T T T =0Ty ex T

_ 23 22n+1 z2n+1
smz=z——+---+(—1)” + .- =Z%°=o(—1)n Ry =

(2n+1)! (2 +1)!’
2
— — — n ==
cosz =1 + A4(—1) n ), (Zny =X
zn<1+z>=z—%+z——---+<—1>n-1 = T (D" Ry = 1
(1+2)%=1+az+%8V 2y ool ng po=1
2! n! X
mpu a = —1
ﬁ =1—z+ ZZ—...+(—1)nZn+---= Z%ozo(_l)nzn ) ch =1
—=1+z+72%+. . +2"+.. =X, 7" Ry = 1.
Ilpumep.

1
5-3z

Paznoxuts no crenensm (z — 3) gyskumio f(z) =

CnemaeM 3aMeny t = z — 3, BeIpa3uM z = t + 3 u nojcraBuM B pyHKIuI0 f(2)
1 11

F(6) = -

5— 3(t+3) —4-3¢t 4 1+%t

Pasnoxxum monyueHnyro ¢yHkiuo B Touke z = 3 (t = 0). Bocmonb3yemcs

3
CTaHIAPTHBIM PA3JIOKCHUCM, IIOACTABJIAA BMCCTO Z — Z L.

f®) =—7 —5= —%(1 —2t+ Gt)z — (D)™ Gt)n +)

1+Zt

Cnenaem oOpaTHYIO 3aMEHY

f@=-1-2@-D+5@-3— + D)L -3+

(0] 3Tl,
— z (_1)n+1 W (Z _ 3)n
n=0

3 4
DTOT psJl CXOIUTCS MPH yCIIOBUU |Z (z - 3)| <1,um |z—3| < 3 T-¢. panmyc

4
CXOIUMOCTH psana R = 3



