LleHTp auctaHUMOHHOro obyyeHns

MarteMaTHYeCKH aHAJIN3-3
Jleknus 6
Tema 6. Psax Tensiopa

6.1. [IpencraBienue PyHKIUN CTETIEHHBIMU PsJIaMU

6.2. YcnoBue cxoaumMocTu psija Teinopa 3anaHHoi QyHKIIUK K STON
b yHKIMH

6.3. EXAMHCTBEHHOCTD MpeACcTaBIeHNs QYHKIIMH CTEIIEHHBIM PSI0M
6.4. Pa3znosxeHrne OCHOBHBIX 3JIEMEHTAPHBIX (PYHKIUN

6. Paa Teitsiopa

6.1. IIpencraBnenne HVHKIMIA CTENEHHBIMH PIJIAMU

YacTuyHbIMUA CyMMaMU CTEIIEHHBIX PSAIOB SIBJISIFOTCS MHOTOUJIEHBI,
YTO JIeJIA€T CTEMEHHBIE PsI/Ibl YAOOHBIM CPEICTBOM JJIsI MPUOIUKEHHBIX
Bblunciennii. [loaTroMy oco0oe 3HaueHWe HWMEET BONPOC O
MpeCTaBICHUN (PYHKIIMI CTETIEHHBIMU PSIaMH.

[IpennonoxxuMm, uto 3amaHHas QyHKOus f(x) B HEKOTOpOM
WHTEpBaJIC C IICHTPOM B TOUKE X,y UMEET MPOU3BOJAHBIE BCEX MOPSIKOB.
Torma cornacHo Qopmysie Teitnopa g BcexX 3HAYEHUM X U3 3TOrO
WHTEpBajia UMEET MECTO PaBEHCTBO:

f(X) = f(xo) +¥(X —xo) +¥(x —xo)z + .
(n)
+fn—(.x0) (x = x0)™ + Ry (),

rae R,(x) - octatounsiii uieH ¢opmynbl Teinopa. OH MOXeT OBITH

3alucaH pa3HbIMU crioco0aMu, HarpumMep, B hopme Jlarpanxa:



£ (xy)

r D TR X € (o).

Rn(x) =

Wu B popme Ileano: R, (x) = o((x — xy)™).

[Tpu 5TOM N MOKHO BEIOPATh CKOJIb YTOAHO OOIBIIKM, T.€. YYUTHIBATH B
3TO# (hopMyIIe CKOJIb YTOAHO OONBIINE CTEIEHN IepeMEHHOMN (X — X).

EcTecTBEHHO BO3HMKaeT BONPOC O BO3MOYKHOCTH MPEICTaBICHUS
dbyukuuu f(x) B Buae OECKOHEUYHOM CyMMBl WJIM B BUJE CTEIEHHOTO

psana:

FO0 = Foxo) + 18 (o) + L0 ey
(n)
+f—(|xO)(x — xg)" + -
n.

Takoil psin, HE3aBUCHUMO OT TOrO, CXOAUTCA OH WJIM HE CXOIOUTCA K
byukiuu f(x) B HEKOTOPOM HHTEpBaje, Ha3biBaeTcsa psioom Teiliopa
3TOM yHKIIHUHU, a €T0 KO3 duimeHTs — Koddgduimenramu Teiopa.

Ecnu x, = 0, To maHHBIN CTEIICHHOM PsiJl Ha3bIBaeTCs psioom Maknopena:.

! rn (n)
fl(?)x+f2(!0)x2+m+fn_!(0)xn+,,,

fx)=f(0) +

6.2. YcnoBue cxoauMocTH psaa Teinopa 3a0aHHoi QYHKIINNU

K 9TOW HVHKIIUU

CornacHo ¢dopmyne Teisiopa pa3HOCTh MEXIYy 3HAYCHUAMU
byukuuu f(x) u yacTuaHOM cyMMoit psa Teiinopa ¢ HomepoMm (n + 1)
TOM (PYHKIMM paBHA ocTaTrodyHOMY ujieHy dopmyisl Teitnopa R, (x).
[ToaToMy cripaBeIJTMBO CIEMyIONIEE YTBEPIKICHHE.

Teopema 1. J151s1 TOTO 4TOOBI MPU HEKOTOPOM 3HAUYCHUHU X 3HAUCHUE
byukiuu f(x) coBmamango ¢ cymmoir psma Teitmopa 3Toi (GyHKIHH,
HEOOXO0IMMO U IOCTATOYHO, YTOOBI OCTATOYHBIN uieH (popmyiisl Teinopa



Ipd 3TOM 3HAYEHHM X CTPEMHWICS K HYJIIO C BO3pacTaHUEM N.
lim R,,(x) = 0.
n—-oo

Jloka3zaTenabCTBO.

Heobxooumocme. Ilycts psin Teinopa cxoautes k f(x), T.e.

lim S, () = f(x),

(k)
5 )_Zf G

— YacTU4YHasA cyMma psaaa Teumnopa.
f(x) =8,(x) + R,(x), R,,(x) = f(x) — S, (x),
lim R, (x) = hm (f(x) S (x)) = 0.

n—>0o

Hocmamounocme. Ilycts lim R, (x) = 0. Torma
n—->00

lim S, (x) = llm (f (x) = Ry (x)) = f(x), T.e. psan cxonutes k f(x).

n—oo

Teopema oka3zana.

PaccmoTpum (pyHKIHIO:

1

2
f(x)={ e * x=#0.
0,x=20
MoXxHO Moka3aTh, 4TO 3Ta PYHKIMS HA BCEU YMCIOBON OCH UMEET

POM3BOAHBIE Beex mopsiakos, u f (™M (0) = 0 vn.

Psin MaxkiiopeHa 3Toi pyHKIIMM CXOIUTCS TIPU BCEX X, U CyMMa €ro
TOXaecTBeHHO paBHa 0, HO He paBHa f(x). Takum oOpaszom, maHHAs
(yHKIMS HE TPEACTABISETCS CBOUM psiioM MakiaopeHa HM B Kakou
OKpPECTHOCTH TOUKH X = 0.



JInst Toro 4TOOBI BBIACHUTH, CXOAMUTCS JU psif Teinopa 3amaHHOU
GbyHKIMM K 3TOM (YHKIMU, B pAJIe CIy4yaeB OKa3bIBAETCS IMOJIE3HBIM
CIEAYIOIIEE YTBEPKIACHHUE.

Teopema 2. Ecnn pyukuus f(Xx) B HEKOTOPOM MHTEPBAJIC C LIEHTPOM B
TOYKE Xy UMEET MPOU3BOJIHBIC BCEX MOPSIKOB, U BCE MPOU3BOIHBIC JJISI
BCEX X U3 3TOr0 MHTEPBAJIA OTPAHUYEHBI OJHUM U TEM KE YUCIIOM:

| < M,

TO psia Teinopa 3Tol GyHKIMHM CXOAUTCA K camMoil (DyHKIIMU HA JaHHOM
WHTEpBAJIE.

J10Ka3aTeabCTRO.

TTo ycrnosuio Teopemsi |f ™ (x)| < M.

OuenuM ocTaTouyHbId wieH B popmylie Teitnopa:

@ O
IR, (x)| = o

. |(x_x0)n+1|

— n+1
(x xO) (n+1)!

<M

Paccmotpum psn

i 1 — xg)™1| - i cn+l
m+1)!  Li(n+1)!
n=0 n=0
ITo mpusnaky /lanmambepa

. ct? (n+1)!_l_ ¢ o<1
nl—r>§o(n+2)! cntl _nl—r>§o(n+2)_ ’

Cn+1

=0

3HAUUT, OTOT PAJ  CXOOUTCA, CIENoBarTenbHo,  lim
n—-oo (n+1)!

(HEOOX0AMMOE YCJIOBHE CXOAMMOCTH). 3Ha4yuT, lim R,(x) = 0. Ilo
n—-00o

Tteopeme 1 310 03HauaeT, uto psaa Teinopa st f(x) cxomurcs K f(x).

OTO yTBEPKJICHUE MPUMEHUMO K TaKUM 3JIEMEHTapHbIM (DYHKIUSAM Kak

X

e”, sinx, cosx. Hanpumep, dyHkuu sinx, cosx auddepeHumupyemsl

BCHOAY OECKOHEUYHOE YHCIIO pa3, 1 BCC UX NNPOU3BOAHBIC OT'PAHUYCHBI I10



MOZYJIIO CAWHUIICH. 3HAUYHUT, 3T (PYHKIHH MOXKHO Pa3JIOKHUTh B PSIIBI
Telinopa Ha 1r0OOM MHTEPBAJE C LICHTPOM B JIF000M TOUKE.

6.3. ExuHCTBEHHOCTH npeacTaBjieHUs HVHKIIUU CTENEHHBIM DIJIOM

Teopema 3. Ecnu dyukiust f(x) npeactaBuMa Ha HEKOTOPOM HHTEpPBaje
C LIEHTPOM B TOUYKE X CTCIICHHBIM PAIOM:

(0]

=) an(x—xo)"

n=0
TO ITOT PsIA SABIACTCS psijgoM Teisopa 3Toil GyHKIUU.

JlokasarenbetBo. [Tonmaras x = xg, monyuum f(x,) = ay.

[I[puMeHMM K JaHHOMY CTEIICHHOMY psJIy TEOpeMy O IOYICHHOM
mudpepeHIupOBaHUN:
(0]

fro = z ap n(x —x)" L f (%) = ag,ay =

n=1

f(x0)
1!

(0]

f//(x) — z a, - TL(TL — 1) . (X - xo)n—zlf//(XO) = 2(12, a, =

n=2

11(xg)

2!

(0.0)

- fO) = Z Ay nm—1)" s (n—k + 1)(x — %)™,

n=k

f(k) (%0)

fOx)=ay-k(k—1)..-2-1,a;, = o

T.e. nmanuwlii psig sBuagercs psgoMm Teinopa 3ToN  PyHKUHUM.
Teopema 1oka3zana.

6.4. PasjioxxeHre OCHOBHBIX YJIEMEHTAPHBIX (DYHKIIMIA

[Tonyunm paznoxxkeHuss B psaabpl MakiiopeHa OCHOBHBIX dJIEMEHTApPHBIX
GyHKIUH.



1). f(x) = e*.

1+x+x—2+ R
2! n! n!
n=0
Haiinem 0651acTh CXOAMMOCTH JAHHOTO PSa.
[Ipumenum npusnak Jlanmambepa:
X" pl
rltl—lggo (n+ 1)' |x™| = Il rlll—{lc}on +1 0<1vx
O6macTh CXOIUMOCTH X € (—00, +0),
2). f(x) = sinx.
£(0) = 0.
f'(x) = cosx, f'(0) = 1.
f'"(x) = —sinx, f""(0) = 0.
f'""(x) = —cosx, f'"'(0) = —
x3 55 > x 2+l
i TR T nz(_ T
[To mpusnaky [lanambepa:
X243 Cnt)! x2

lim

nooo (2n+3)! [x2n+1| T oo (2n+2)(2n+3) =0<1

O6nacTh CXOQUMOCTH X € (—00, +00).
3). f(x) = cosx.
f(0) =1.



f'(x) = —sinx, f'(0) = 0.
f"(x) = —cosx, f(0) = —
f""(x) = sinx, f""'(0) = 0...

x% x4

— — — — 0 ® n
cosx =1 2|+4| —Z( 1)

o 2n

(2n)!

n=0

AHQJIOTUYHO NMPEABIAYIIEMY PUMEPY HAXOAUTCA 00J1aCTh CXOAUMOCTH:
X € (—00,+00).

4). f(x) =In(1+x). f(0) = 0.
HOE ;ﬂ,f'm) =1

fx) = f7@0) =

(1+x)2 ’

@) = g /(O = 2.

23 nr
fP0) =~ [0 = 3!

f®@) = (D" I FM©0) = (D" (- D)
ln(1+x)—x—x—+—— Z( 1)"1

[To paagukansbHOMYy mnpu3Haky Komm serko omnpenenutb 00JacTh
cxogumoctu: x € (—1,1].



5). f(x) = (1 +x)%

1+x)%=1+ax+ %xz + ot “(“_1)"7'1(!“_"“) X 4 e,
x € (—1,1).
6). Ilocneanee paznoxxkeHue npu ¢ = —1 TpuHUMAET BUJI:
1ix =1—-x+x*—-x3+..= z(—l)"-x",x € (—1,1)
n=0

7). Ilpu 3aMeHe X Ha — X TIOJIyYUM €IIE€ OJHO Pa3I0KEHUE

Ll x e = T X € (—11)

8). Ilpu paznoxeHun runepOOIUYecKuX (YHKIUM HUCIOIb3yeM
1 _ 1 _
dopmynbr: shx = E (e¥ —e™), chx = E (e*+e ™) u paznoxeHus

byHKkIMi e* u e B psaa MakiopeHa:

x3 x5 i 2n+1
shx=x+§+§+---=z(2n+1)', X € (—©0, +0)
n=0
~ X2yt ~ .
Chx—1+E+Z+'"—ZO(2n)!, X € (—o0, +0),
n=

6.5. Meronasl paszioxenus GyvHkImu B psaa Teinopa

6.5.1. Hcnonvzosanue mabauyvl paziodriceHuil OCHOBHbIX IJIeMEHMAPHBIX

Gdyukyu
[Ipumep 1. PaznoxuTs B psiaq MakiiopeHa QyHKITUIO:

f) == (xo=0).

[IpeobpasyeM (YHKLUIO: ;—x _2, 1

1—

wilN

N BOCIIOJIB3YCMCs TaOJIMYHBIM

wIlR

X
pasioKeHueM 7), 3aMEHsIsl IEPEMEHHYIO X Ha 3



[00] (00]
2 2 x" 2x™
fe =37 _z—g Eg—n—ignﬂ
n=0 n=0
I[J'If[ HaxXOXIACHUS O6J'IaCTI/I CXOAUMOCTHU HOAHHOI'O p;ma K HCXOHHOﬁ

(GyHKIIMU peluM HepaBeHCTBO: —1 < g <le -3<x<3.

[Ipumep 2. Paznoxuts B psan Teisiopa B OKpeCTHOCTH TOUKH (xo = 1)

bynkiuio: f(x) = % :

Cnenaem3ameny: t =x—1 ox =t + 1:

f@) = 3— (t+1) 2—t
(t = 0):

2 1 o tn = (x — 1)"
O e (L

OoOnactb cxogumoctu: —1 < % <le -2<t22se

U Pa3IoXUM 3Ty (PYHKIHUIO B OKPECTHOCTU TOYKHU

—2<x—-1<2e-1<<x<3.

[Ipumep 3. PaznoxuTs B psig MakiiopeHa QyHKITUIO:

fx) =

x2-3x+2"

Pa3znoxum JpoOb HA CyMMY OPOCTEHIIUX ApoOeHl, U K KaXJIO0H U3 HUX
IPUMEHUM TaOJMYHOE pa3jioKeHue B psia MakiopeHa:

1 1 1 1 1 1 1 1 1

x2-3x+2  (x-1)(x-2) x-2 x-1 1-x 2-x 1-x 2 1-

_oo n 1 Ooxn_oo n
=Yg 2= 2 (1)
n=0 n=0 n=0

I[J'ISI HaXOXACHUA o0JIacTu CXOOUMOCTH pCIINM CUCTEMY HCPABCHCTB!

—l<x<1l (1<x<1
{—1<§<1®{—2<x<2

S -—-1<x<1.



[Ipumep 4. Paznoxuts B psia Teitnopa pyHKIIIO

f(x) =In(x*+5x + 6) B okpecTHOCTH TOukH (X, = —1), T.e. MmO
crenensam (x + 1).

Cnemaem  3ameny: x+1=t¢ u, 1OIB3ysACh  CBOWCTBAMU
jorapuMudecKon byHKIMH, BBITIOJTHUM TOIECTBEHHBIE
npeoOpa3oBaHus:

fO)=mm((t-1?+5—-1)+6)=In(t?+3t+2) =
=In(t+1D(t+2)=In(t+1)+In(t+2) =

n

= n2 +§<—1>n-1 -5+§<—1>n-1- -
n 2" n
n=1 n=1
(D™ 1
= [n2 + Z (1 + 2”)

BepHemcs K HCXOTHOU IEPEMEHHOM:

Fx) = In2 + z(_ " (1+ 1)(x+1)”

-1<t<1

_1<§<1<:>—1<t<1=>

O0nacTh CXOIUMOCTH: {

-1<x+1<<le-2<x<0.

Ipumep 5. Paznoxuts B psix Teiinopa dyukmmo f(x) = (x +2)-3* B
OKPECTHOCTH TOUYKH (Xg = —2), T.€. 10 CTeNneHsM (x + 2).

Cnenaem 3aMeHy: x + 2 = t,x =t — 2:

f(t)=t'3t_2=§t-3t=%t-el”3t=



1 1 ¢t
— _4+.ptin3 _ — 4, N S ()
9t e 9t E n!ln 3.

n=0

BepHeMcs K MCXOIHOM MEPEMEHHOM:

)n+1_

f =) 5
n=0

Ob65acTh CXOIUMOCTH: X € (—©00, +00).
[pumep 6. Paznoxkuts Gpynkuuio y = sin®x B psajg MakiopeHa.
Bocrmonab3yeMcsi TpUroHOMETPUIECKUM TOXKIECTBOM:
. 9 1
sin“x =~ (1 — cos2x) ,

a 3areMm TaOJUYHBIM  Pa3OKEHUEM (PYHKIIMKM COSX, 3aMEHss
NEPEMEHHYIO X Ha IEPEMEHHYIO 2X:

1 1 (2x)?  (2x)* _(2x)7"
sinx _E_E<1 ~ + 20 -+ (=1) 2n)! + ) =
ji _i n+1 o 2n
=2'x —4'x + -+ (—1) (2 )' + .-

X € (—00, +00).
6.5.2. Ucnonv3o6arnue nouieHH020 UHMe2pUpoB8aHus
Ipumep 7. Paznoxuts B psix Maxknopena Gpyuknuio f(x) = arctgx.

Bocnonb3dyeMcsi  TaOMUYHBIM ~ Pa3lIOKEHUEM  JJIA  TIPEJCTaBJICHUS
CTEMIEHHBIM PSIIOM MTPOU3BOAHOM 3TON (QYHKIUHU:

f'(x) = (arctgx)’ = 1+1x2 =1—-x?4+x*— 4+ (D" x"+ .. xE
(—1,1). Torma
arctgx—f01+ dx—f(l—x Fxt— b (1) x2

2n+1

.. — X X —1n.Xx
Jdx =x 3+5 (-1 2n+1

+ oy x € [-1,1].



3amMeTuM, YTO TPOM3BOJHAS MPEJCTABISICTCS CTEINEHHBIM PSJIOM Ha
untepBaie (—1,1), a cama ¢yHkius — Ha otpeske € [—1,1].

6.5.3. Hcnonvzoeanue nounennoco ougpepenyuposanus

[Ipumep 8. Paznoxuts B psa Teinopa GyHKIHIO

f(x)=ﬁ,xo=2. Bamena: x —2 =t,x =t + 2.
5 1) 5 1 ’
f(t)_(t+3)2_5'_(§) __§'<1_+§> B
5 (< nt“, 5 <« Lttt
=2 (Do) =-2 ) o=
n=0 n=0

- 5n
— Z(_l)n+1 W (X _ 2)n_1.
n=0

OoOnactb cxogumoctu: —1 < é <l -3<t3s

—3<x—2<3©-1<x<5.

6.6. HDI/IMGHCHI/IC TCOPHUH CTCIICHHBIX PAJIOB

6.6.1. Ilpubnusicennvie eviuucieHus 3Ha4eHUuli PyHKYULL

PaccmoTpuM npumepsl npuMeHeHus psaaa Tenmopa uist mpuOIMKeHHBIX
BBIUMCJICHUU.

[Tpumep 9. Beruucnuts sinl ¢ Tounoctsro g0 0,001.

Jlnst pemieHus 3aayd  BOCHOJIB3ye€MCS TaOJWYHBIM Pa3j0KEHUEM
GyHKIMH Sinx:

3 15 17

: 1 . .
sinl =1 — o + Pl + -+ - 3HaKouepenywmuiics psaa Jleitonumna.



[Ipu 3aMeHe CyMMBI psifia HA YACTUYHYI0 CYMMY OCTaTOK HE MPEBOCXOUT
10 MOJIYJIIO IIEPBOr0 OTOPOILIEHHOIO YJIeHa psija.

1 1
o > 0,001, = < 0,001, 3H29HUT, 3TO CclIaraeMoe MOXHO OTOPOCHUTbH, s

JIOCTHKEHHUS 3aJaHHOM TOYHOCTHU JIOCTATOYHO Y4YECTh MEPBbIC TPU UCHA
psana:

: 13 15
sinl~1—-——+4+—=0,842.
3l 5l
6.6.2. IIpubausicennvle 8bluUCTEHUS ONPEOCTIEHHBIX UHMESPAI08

[Ipumep 10. BeucauTh ¢ TOYHOCTBIO IO 3 3HAKOB IIOCJIE 3aIIATOU

1
foze"xzdx.

Bocmonb3yemcs paznoxenueM QyHkuu e* B psag MakiiopeHa, 3aMCHUB
B HEM X Ha —XxZ:

0 1 20 3!
1
x3+x5 x7+ $ 1 1 N 1 1 N
=|x - — _— = — — —
3 10 42 0 4 3-43  10-4> 42-47
[Tonyden 3HaKouepenyromuiicsa psaj JleiiOuuna, ciaraemoe 0.5 MEHBIILE,

yem 0,001. OtOpacbiBas 3TO ciaraeMoe, MOJIyYUM MPUOIMKEHHOE
3HaY€HUE UHTErpajia ¢ 3aJaHHONW TOYHOCTBIO:

12 11
fé‘e—x dx ~ Z—m = 0,245

6.6.3. Buiuucaenue snauenus npoussooOHoU YYHKYUU 8 MOUKe

Ecmm f(x) mpeacraBuMa cTeeHHBIM psiioM, To 3T0 psia Teitnopa (B
CHJTY TEOPEMbI €IMHCTBEHHOCTH Pa3JIOKEHU).



(0.0)

= £
> ane—xgr= Y LD oy

n=0 n=0

ciemoBarensHo, f ™ (x,) = a,, - n!

sinx

[Mpumep 11. f(x) = —

Haiitu f 41 (0), f(30) (0).

Paznoxxum (QyHKIMIO B CTEIEHHOM PsJl B OKpeCTHOCTH X = 0, T.e. B
pan MaknopeHna:

* 2n

1 x3  x° x
f@c):;("‘a*a‘ ) Z<‘ G r

n=

PH,Z[ COACPKUT TOJBKO UYCTHBIC CTCIICHH X, BCC HCYCTHLIC

K03 GUIMEHTH paBHbI HYIIO, cnexoBatensto f 4D (0) = 0.

1
F@9(0) = azp- 30! = (n = 15) = —5 30l = ——.



Pa3jio:xxeHns1 0OCHOBHBIX 3JIEMEHTAPHBIX (PYHKIUMH B P/
Makiopena (1o creneHsiM X):

2 n © n

X X X X
e =l+X+—+...+—+...=) — X € (—o0,+00)
2! n! = n!
3 5 2n+1 n 2n+1
sinx:x—X—+X——...+(—1)”X—+... y CD X~ X € (—00,400)
3 o (2n+1)! = (2n+1)!
2 4 2n n 2n
CoSX =1- 2t 2 (-] o+ Z( X € (—o0,+0)
21 A (2 )I ~ (2n)!
2 3 )
In(1+x):x—%+%—...+(—l)”‘1 =31 1y X X <1
n=1

(e X w%(l)(l) X <1

n!
i:1—x+x2—...+(—1)”x”+...:i(—1)”xn ‘X‘-<1
1+ X n=0

1 2 n = n
1—:1+x+x ..+ X +...:Zx ‘X‘<1
—X -
x3  2x%  17x7  62x° T
tgx=x+ot ot togs T x| <3

Ecnu tpebyeTcs paznoxuTh GyHKIHUIO B psa Teisiopa 1o cTeneHsm
(X - XO) (B OKpECTHOCTH TOUYKH Xo), TO HEOOXOIUMO ClIeJIaTh 3aMEHY
X—X, =1, moaydeHHYI0 (YHKIHIO Pa3J0KUTh IO CTCHCHAM I,

MOJIb3YSICh CTAHAAPTHBIMHU PA3JIOKEHUSAMU, 3aTEM BEPHYTHCS K
UCXOJTHOM MEPEMEHHOM X.



