LleHTp gucTtaHUKMOHHOro oby4yeHunA

MareMaTHYeCKHU aHAJIN3-3
Jlexkmusa 11

Tema 2. ®yHKIIUN KOMILJIEKCHOTO NIEPEMEHHOTO
2.4. IndbdepennmpoBanue GyHKINH KOMILIEKCHOTO IEPEMEHHOTO.
YcenoBusa Komn-Pumana
2.5. CBsI3b aHATUTUYECKUX U TAPMOHUYECKUX QYHKIUN

Tema 3. UnTerpupoBanne (pyHKIUN KOMILJIEKCHOTO ITEPEMEHHOI0
3.1. HHurerpan oT GyHKIIMN KOMIUIEKCHOTO IEPEMEHHOTO U €T0
CBOMCTBA

2.4. JludbdepeHmmpoBanre GyHKIUN KOMIDIEKCHOTO IIEPEMEHHOTO.
YcenoBusa Komm-Pumana

[Iycts omno3naunass (yHkiua w = f(z) omnpenereHa B HEKOTOPOU
obnmactu D kKoOMIUIEKCHOTO mepeMeHHoro z. Ilycth Touku z u z + Az
npuHajexar oonactu D.

O6o03HaUNM
Aw = f(z+ 4z) — f(z), 4z = Ax +iAly.
Onpedenenue 13. OnHozHayHass QyHkums @ = f(z) Ha3wpiBaeTCS UG-

o Aw
dbepeHupyemMoii B To4yke Z € D, €ciu OTHOIIECHUE ~, HAMEET

KOHEUHBIN Ipenes npu Az, CTpeMsImeMcs K HyJI0. JTOT Ipeael
Ha3bIBAETCS MPOM3BOAHON (GyHKuuM f(Z) B JAHHOW TOYKE Z W
obo3nauaercs f'(z) wm w', T.€.

'=f(2) =1l av
w =f(z)=lim—
4z-0 Az
3ameuanue. IlpaBuna nuddhepeHIIupoOBaHNS OCTAIOTCS CIIPABEITUBBIMU U

1Sl QYHKIIUA KOMIUIEKCHOW MEPEMEHHOM.

Onpedenenue 14. OpnHosznaunas ¢yHkuus f(z) HaswsiBaeTcs
aHanumu4eckol B TOUKE Zg, €ciu oHa nuddepeHnypyemMa B camoit
TOYKE Zy M B HEKOTOPOM OKPECTHOCTM ITOM  TOUKH.
Dyukiys f(z) Ha3pIBaeTCS aHATUTHYECKOM B o0sacTu D, eciiu oHa
muddepeniupyema B 10001 TOUke 001aCTH.



Teopema 2. JInsa toro utobsl dyukuus f(z) = u(x,y) + iv(x,y) Oblia
muddepeHpyemMa B TOUKe Z = X + iy, HEOOXOAUMO U JI0CTATO-
4yHO, YTOOBI QyHKIHH U(X,y), v(X, V) Obutn 1udepeHIInpyeMbl B
Ttouke (X,y) M 4YTOOBI B JTOM TOYKE HMEIHM MECTO PaBEHCTBA

du 0dv du  Ov
dx dy'dy  ox
Ha3biBaeMble ycnoBuaMmu Komm-Pumana. Ilpu stom dopmynsl s
IIPOU3BOTHOM GyHKIIUN f'(2) UMEIOT BU/I;
u Odv Odv Odv du du OJdv  OJu

. d
f(Z)_0x+l6x ay+lax ax_lay_ay oy’

3ameuanue. Y cnoBus Komu-Pumana (HE00X0MMOE B TOCTaTOYHOE
ycioBus nuddepeHupyeMocTu PyHKIIMH KOMIUIEKCHOTO
MEPEMEHHOT0) MTO3BOJIAIOT PEIIaTh BOMPOC 00 aHAIUTUYHOCTUA (PYHKIIUU
B 00J1aCTH.

_l_

LIpumepul. IlpoBepUTh AHATUTHYHOCTD (PYHKITUU.

1). f(2) = z2.

Beiienum aeiictBuTeabHYIO U(X,Y) B MHEMYIO V(X,Y) YacTu (yHKIUH,
IIOJICTABUB BMECTO Z = X + LY.

f(2) = (x +iy)? = (x* — y?) + 2xyi
1.e. Ref(z) = u(x,y) = x? — y?
Imf(z) = v(x,y) = 2xy.

Oyukmun u(x,y), v(x,y) auddepeHiupyeMsl Bo Bcex Toukax (x,y).
[IpoBepum ycnoBusa Komn-Pumana:

Ju dv
a = ZX, @ = 2x
Jdu dv
oy = Y A

YciaoBusl BBIOJIHEHBI s JIOOBIX X, Y, ciemoBarenbHo, f(z) = 72
AQHAJIUTUYHA BO BCEH KOMITLJIEKCHOM IIJIOCKOCTH.



2) f(z) =3z + 2.

BeiaenuM neidcTBUTEIRHYI0 1 MHUMYTO 9acTH (DYHKIIMH, TOJACTaBUM
BMECTO Z = X — Y-

f(z) =3(x—iy)+2=(3x+2)— 3yi,
T.e. Ref(z) = u(x,y) = 3x + 2,
Imf(z) = v(x,y) = —3y.

Oyukun u(x,y), v(x,y) mubdepeHiupyemsl Bo BceX Toukax (x,y),
MPOBEPUM BhINIOTHEHUE ycaoBui Komu-Pumana:

du 0(3x+2) 3 dv _ 0(=3y) _

) _3J
0x 0x dy dy
ou Jd(3x+ 2) ov  d(—3y)
— = 0, = - 0
dy dy 0x dx
Ju ov
TaK 4To —— # 3, T-C- [IEPBOE yCIIoBHE Komu-Prumana He BBITIOTHEHO HH

B OJHOHM TOYKE KOMIUIEKCHOHN IUIOCKOCTH.

3unaunt, pynkuus w(z) = 3z + 2 "urjae e AuddepeHIupyema, a,
CIICZIOBATEIILHO, HE SIBJISCTCS AHAIUTHUCCKOH.

3). f(z) = e~

f(2) = e** = e*(cosy + isiny) = e*cosy + ie*siny
Ref(z) = u(x,y) = e*cosy
Imf(z) = v(x,y) = e*siny

u(x,y),v(x,y) muddepenuupyeMbl Kak (YHKIUHA IEHCTBUTEIBHBIX
HEPEMEHHBIX MPH JIOOBIX X,y (MMEIT HENPEPHIBHBIE YaCTHBIE
MIPOU3BOIHBIC).

Ju v

— = e*cosy, — = e*cosy

d0x dy

au_ ‘o av_ .
ay_ e*siny, ax—e siny



Vcnous Komm-PuMaHa BBIOTHEHBI IS JIFOOBIX X, Y, CII€IOBATENIbHO,
f(z) ananuTnyHa BO BCel KOMILIEKCHOM IIOCKOCTH.

ou .9 o o
f'(2) = a_z + li = e*cosy + ie*siny = e*(cosy + isiny) = e? .

0. f() =7z
f(z) =(x+iy) (x —iy) =x*+y?
Ref(2) = u(x,y) = x% + y?

Imf(z) =v(x,y) =0

ou v du v
— =2x,—=0,—=2y,— = 0. YcnoBusa Komu-PrumaHa BbIIIOJIHEHBI
0x dy dy ox

TosibKO B Touke (0;0), hyHKIMsA HUTAC HE aHATUTHUYHA.

Ceoticmea aHanumuyeckux QyHKyui.
Ecnuf, (z), f,(z) ananurtudyeckue ¢yHKuuu B obmactu D, TO

1) f1(2) £ f,(2), f1(2) - f,(z) — Takxke aHanuTHYECKKE B 00aacTH D,

f1(2)
2) f2(2)

[Ipu 3TOM UMEIOT MECTO POPMYIIBI:
i@ 2] =@ f2(2)
[ci(D] = cfi(2)
[fl (Z)]' _fi@f(2) — f,(2)f1(2)
f2(2) fi(2)
i@ - (D] = A@Df:(2) + fi(2)f2 (2)

aHAJIMTUYHA BO BCeX Toukax obmactu D, rae f,(z) # O.

CnpaseuBa Takke TabIMIa TPOU3BOIHBIX:
(z") =nz"1!
(e”) = e

1
(Lnz)' ==
Z



(cosz)' = —sinz

(sinz)' = cosz

(tg2)" = c0Ss%z
1
tgz)' = —
(ctgz) sin?z
(shz)' = chz
(chz)' = shz

2.5. Ces3b anaiumu4eckux u CAPMOHUHYECKUX (bVHKZ/!Ml:Z

Onpeoenenue 15. Oyuxums @(x,y) Ha3BIBAETCA 2APMOHUYUECKOU B
obsactu D, ecnu oOHa UMEET B 3TOW 00JIACTU HEMPEPHIBHBIE YACT-
HbIE MPOU3BOJIHBIE JO BTOPOrO TMOPSAKA BKIIOYUTEIBHO H
yAOBJETBOPAET B J3TOM oOmactu  ypaBHeHuto Jlamaca
02p 0%¢
>+-—==0.
dx dy

Teopema 3. Ecnn ¢yskius f(z) = u + iv aHanuTHYHa B HEKOTOPOM
obnactu D, TO ee necTBUTENLHAs YacTh U(X,y) U MHAMAs 4acTh

v(x,y) ABIAIOTCS TAPMOHUYECKHUMH B 3TOH 00JIACTH (QYHKIIHUSIMH,
2

T. e. u(x,y), v(x,y) yoosremeopsrom ypasnenuro Jlannaca: a—xlzt +

9%u 2%v  9%v

—=0,—+—=0

d0y? 0x2 = 0y?
JTloxkazamenbcmao.

f(z) = u + iv ananuTHYHa, CJIEJOBATEIHHO, BBHITIOJTHECHBI YCIOBHS
Komm-Pumana:

ou _ dv

Eriale o pepeHnnpyeM paBeHCTBO 0 X
ou ov

= 3% I depeHInpyeM PaBEHCTBO 110 Y

0*u 0%
d0x2  0xdy




0y2 ~  9xdy
U CJI0KUM HX:
0%u N 0°u 0
d0x2  dy?
HuddepeHuupyem rneproe paBeHCTBO 110 Y, BTOPOE 110 X:
Ju ov Ju ov
1) a = 5 2 E = —a
0’u 0%
dxdy 0dy?
0’u 0%
dxdy  0x?2

BBIYTCM U3 IICPBOI'O BTOPOC:

0%v 0%v

ox T oz =0

Teopema oka3zana.

Onpeoenenue 16. JIze rapmonnyeckue GyHKIUU, CBSI3aHHBIC YCIOBUSIMU
Komn-Pumana, Ha3bIBatOTCS conpaicenHHvimu.

Teopema 4. Eciiu B obnactu D 3amaHbl B€ rapMOHMYECKHE (PYHKIIMU
u(x,y) n v(x,y), ynosiaerBopsromue yciaoBusm Komm-Pumana,
TO U3 HUX MOXHO TIOCTPOUTHh AHAJTUTUYECKYIO (YHKIUIO

f(2) =ulx,y) +iv(x,y).

3ameuanue. 3ajanve OHON (AEHCTBUTEILHOW WM MHUMOM) 4acTH NpH
YCIOBUU €€ TapMOHUYHOCTH ONpEAEisieT aHAIUTHYECKYIO

(YHKIIMIO C TOUHOCTBIO J10 KOHCTAHTHI.

Ilpumepwi. HailTu aHanuTUyecKyto (YHKIHUIO 1O €€ 3aJaHHOM
e CTBUTEIBLHON MJIM MHUMOM YacTH.



1). u(x,y) = x3 — 3xy? + 2.

ITpoBepuM rapMOHUYHOCTH QYHKIMH U(X, V):

M g2y, T g
ox Yo dx2 x
ou 0%u
@ = —6xy, a—yz = —6x
0’u 0%u
6x2+6y2 =6x—6x=0,

T.¢. u(x,y) ynmoBierBopser ypaBHeHuio Jlamaca W sABIsSCTCA
rapMOHUYECKOM.

®dynxkimus u(x,y) = x3 —3xy? +2 wu wuckomas ¢ynkuus v(x,y)
JIOJDKHBI Y IOBIIETBOPATH yenoBusM Komu-Pumana

6u_3 2 _ 5 2_61)
ax_x y_ay

UHTETPUPYEM MOCIEIHEE YPABHEHUE MO Y (CUUTAs X TOCTOSIHHOM),
MOJIy4aeMm

v(x,y) = f(3x2 —3y3)dy + o(x) = 3x%y — ¥ + ().

N3 Broporo ycnosus Kommu-Pumana
o _a_v’ —bxy = —(6xy + ¢'(x))
dy 0x
@' (x) =0,90(x) = c = const
Utak, v(x,y) = 3x%y —y3 + .
CrenoBaTenbHO,
flx+iy) = (3 —3xy*+2)+i(Bx*y —y3 +¢)
Jliist Toro, 4To0bBI 3anucath GYHKIUIOf (Z), MOKHO B35Th
y=0,x=2z
flx+iy) = (x3—3xy* +2) +i(Bx*y — y3 + ¢),
torna f(z) = z3 + 2 + ic.



2). HaiitTi aHamuTidecKy1o (QyHKIIMIO TI0 €€ 3aJaHHOH MHUMOM YacTu:
v(x,y) = 3x + 2xy npu ycnosuu f(—i) = 2.

[TpoBepuM rapMOHUYHOCTH QyHKIMH V (X, Y):

ov 0%v
a=3+2y, WZO
§2==2x Qiz::o
dy T 0y?

0°v  0%v

oxz toyr =Y

T.¢. v(x,y) yHIoBIeTBOpseT ypaBHeHHMIO Jlammaca u  sBIsSeTCS
FapMOHUYECKOM.

ITepBoe ycnoBue Komm-Pumana:
du O0v _
ox 0dy

UHTETPUPYEM YPaBHEHUE IO X (CUMUTAs Y MOCTOSIHHOM), TIOJIy4aeM

2x

u(x,y) = f 2xdx + () = x* + ¢(y).

N3 Broporo ycnoBus Komm-Pumana

au_ v , — (342
3y " ax,w(y)— ( y)

o(y) =-3y—y*+c
Utak, u(x,y) = x> — 3y —y? +c.
flx+iy) = (x> =3y —y? 4+ ¢) +i(3x + 2xy).
Jlnst Toro, yToOBI 3anmucath GyHKIHUIOf (Z), MOKHO B3STh
y=0,x =z torna f(z) = z> + ¢ + i3z.
[ToncraBum HavanpHbie yeioBusa: 2 = —1+c+3;¢c =0

Otsert: f(z) = z? + i3z



3. AaTerpupoBanue GpyHKIMHA KOMILJIEKCHOTO NIEPEMEHHOT0

3.1. MaTerpan; or GYHKIIUU KOMIUIEKCHOTO IIEPEMEHHOTO
U €0 CBOMCTBA

PaccMmoTpum onHO3HAUHYIO QYHKIHIO f(Z), onpeaeaeHHYIO B Hempe-
PBIBHYIO B 00slacTu D M KyCOYHO-TJIQJIKYyI0 KpUBYIO L, nexainyio B D.
3amanuM Ha TOW KPUBOUW HampaBjeHrue 00X0/1a: Touka A — Hayaso, Touka
B — xoHerI.

BBenem omnpeaeneHue wuHTErpajia OT (PYHKIUU KOMILJIEKCHOTO
MIEPEMEHHOTO.

Pa3o6wem L Ha N wacteit Toukamu: zo = A; z4; ... Z, = B.

Ha kax1oM ydacTke [Zj_1; Zx | BBIOEpEM IPOM3BOIBHYIO TOUKY Jk,

k=1,..,n

CocTaBUM UHTETPATBHYIO CYMMY

D FUD - Ci=zen) = ) fUi) -0z
k=1 k=1

Onpeoenenue 1. llpenen nHTErpaibHONM CYMMBI
puU N — O U max Az, — 0 Ha3pIBAECTCA UHTETPAIIOM OT

¢yukiuu f(z) mo kpuBoii L, eciiu OH CyIlecTBYeT U HE 3aBHCHT OT
crioco0a pa30ueHus KpUBOM TOYKaAMHM Zk M OT BBIOOpA TOUCK Jk.
O06o3Havaercs:

| r@diz= Jim D rGosz
L

mI?X|Zk—Zk—1|—>0 k=1

Teopema 1. Eciu f(z) onpenenena u HenpepsiBHA Ha L, TO 55L f(z)dz
CYIIECTBYET.

Iycts z=x+1iy, f(z) =u+iv, rae u(x,y), v(x,y) — neictBu-
TeNbHbIC (YHKIMH MIEPEMEHHBIX X U Y.
Beruuciienue uHTerpana ot GyHkiuu f(z) KOMIJICKCHOTO MEPEMEHHOTO

Z CBOJUTCS K BBIYHUCICHHUIO OOBIYHBIX KPUBOJUHEHHBIX MHTETPAIOB OT
JIEUCTBUTEIILHOM 1 MHUMOM 4acTeM, a UMEHHO:



ff (z)dz = f(u +iv)d(x +iy) =
L L

= ju (x,y)dx —v(x,y)dy + i ju (x,y)dy + v(x,y)dx
L L

OCHOBHBIE CBOWCTBA KPHWBOJMHEMHBIX WHTErPAJIOB IMEPEHOCIATCA Ha
UHTETpaj OT QYHKIIMHA KOMILJIEKCHOTO MEPEMEHHOIO:

1. JIuHenHOCTD
f [e1fs(2) + c2fs (D] dz = ¢, j fi @dz + ¢, j f, @)z,
L L L

r€ Cq, C; — MPOU3BOJILHBIE MOCTOSIHHBIE.

2. AU TUBHOCTD
f f(@dz=| f(@Ddz+ | f(2)dz,
L1UL2 L1 LZ

rae L; U L, — KpuBas, cOCTaBIICHHAs U3 KPUBBIX L, U L.
3.J,f(2)dz=—[_f(2)dz

rae L~ — kpuBas, coBnagaronas ¢ L, Ho mpoxoaumas B IpOTHUBOIIO-
JIOKHOM HAaITPaBJICHHH.

4. Ecmu ¢yskius f(z) aHaauTHyHa B OJHOCBS3HOW oOjactu D,
CoJIepKalllell TOYKU Zy, U Z;, TO uUMeeT Mecto (opmysa HproroHa-

JletiOuuna
Z

F(@Ddz = (2) - () = 0(D) 2,

Zo
rae @ (z) — kakas-mubo nmepBoodpasnas g Gyukuuu f(z), T.€.
®'(z) = f(2) B obmactu D.
5. Ecau kpuBas L 3agaHa napameTpu4eCKUMUA YPaBHEHUSIMU
x = x(t)
{y = y(t)

HadaJbHas U KOHEYHAs TOYKU AyT'U L COOTBETCTBYIOT 3HAUYCHUAM I1a-
pamerpat = ¢y, t = ¢4, TO



ty
f fdz= [ flzOl©de,
L to

roe z(t) = x(t) + iy(t).

IIpumepeol.
Ilpumep 1. BbUMCIUTH HWHTErpal fL(l +i—2z)dz mno nuHHAM,

coeMHS oMM Touku zq = 0,2z, = 1 + 1.
a) o mpsIMOu
0) mapaboie y = x?

B) IO JIOMAHOM Z4Z3Z,,Z3 = 1.

4

[lepenuiiemM MOABIHTErPAIBHYIO (PYHKIIMIO B BUJIE
1+i—-2z=1+i—-2(x—iy)=(1-2x)+i(2y + 1),
T.e. u(x,y) =1—-2x,v(x,y) =2y + 1.
[IpoBepum ycnoBusa Kommn-Pumana

u v

-— = —4, _— = 2

d0x dy
— MIEPBOE YCIIOBHUE HE BBITIOIHAETCS, T.€. MOABIHTErpAIbHAA PYHKIIUS HE
aHAJIMTUYHA.

f(l+i—2§)dz=
c



= j(l — 2x)dx — (1 + 2y)dy + if(l —2x)dy + (1 + 2y)dx.
C C

a) YpaBHeHHe MpsAMOii, coeauHstome Toukn z; = 0,2z, = 1 + i;

y=x,0<x<1,dy=dx

j(l —2x)dx — (1 4+ 2y)dy + if(l —2x)dy + (1 + 2y)dx =
C C
1 1
=j (1—2x—1—2x)dx+ij 2dx = —2x? + i2x|} =
0 0
= -2+ 2i
6) s napa6onel y = x%;dy = 2xdx; 0 < x < 1.

j(1—2x)dx—(1+2y)dy+ij(1—2x)dy+(1+2y)dx=
c C

1
= f (1—2x— (1 + 2x%)2x)dx +
0

1
+i j(l + 2x% + (1 — 2x)2x)dx =

0

3

X 4
=x—2x2—x4|%+i(x+x2—2?)|% =—2+3i

B)Z1Z23:y =0;dy =0;0<x < 1.
Z3Z:x =1;dx=0;0<y < 1.

Jo(1=2x)dx — (1 +2y)dy +i [ (1 —2x)dy + (1 + 2y)dx =

|+ -

Z1Z3 Z3Z



=jl(l—2x)dx+ij1dx—j1(1+2y)dy+if(l—Z)dy=
0 0 0 0

=@x-—x*+ix—y—y*—iy)lg=-2

WNHTerpan 3aBUCUT OT MyTH UHTETPUPOBAHMS, TaK KaK (DYHKIIUS HE
SIBJIAETCA aHAJTIUTUUYECKOI.

i
Ipumep 2. Boraucnure unrerpai |, o Cosz dz.

Oyukuua f(z) = coSz aHAIUTUYHA BCIOJY B KOMIUIEKCHOM TJIOCKOCTH.

1o cBoiicTBy 4

l
f cosz dz = sinz|y = sini = ishl.
0

Ilpumep 3. BerauciuTh UHTETpa fl.Zi(BZ2 + 1) dz.

Tak kak mnoApIHTErpajdbHas (QYHKIMS aHAJIUTUYHA BCrOAY (IS
IPOBEPKU JIOCTATOYHO MpOBEepUTh Bce ycioBusi Komm-Pumana), To
MOHO pUMeHUTh (hopmyiy HeroTona-JIeitonuna
2
Bz22+1Ddz=(22+2) [ =Qi)*+2i-®—i=
l

=—-8i+2i+i—i=—6l



