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MarTreMaTHYeCKH aHAJIM3-3

Jlekusa 3

Tema 3. 3HakonepeMeHHbIC YU CJI0BbIE PSAABI
3.1. Pan Jlenbuuna
3.2. AGCcoa0THAS 1 YCIIOBHAS CXOAUMOCTD

3.3. CpoiicTBa aOCONIOTHO U YCIOBHO CXOJSIIUXCS PSII0B

3. 3HaKonepeMeHHbIe YUCJI0BbIE PSAbI

Onpeoenenue 1. UncnoBoi psia Ha3bIBACTCA 3HAKONEPEMEHHBIM, €CIU
CpeIM €ro 4iICHOB €CTh KaK MOJIOKHUTEIbHBIC, TaK U OTPHUIATECIbHBIC
qucla.

Ecnu oTpuliaTelbHbIX YJIEHOB KOHEYHOE YMCJIO, TO, OTOPOCHB WUX,
MOJTYYHUM IOJIOKUTEIBHBIN PSIL.

Eciu monoXUTENbHBIX YJCHOB KOHEYHOE 4YHCIJIO, TO, OTOPOCHUB HX,
MOJYYAM OTPULATEIBHBIA P, KOTOPBIM MOYKHO HCCJIEIOBATH C
MMOMOIIBID TEOPEM O CXOAUMOCTH MOJOXKHUTEIBHBIX PSANIOB, W3MEHUB
3HAKU BCEX WICHOB psaaa. CylnieCTBEHHO HOBBIM SABJSETCS TOT CiIydaw,
KOrJla Cpeau WICHOB psija OSCKOHEYHOE YMCIIO MOJIOKHUTEIBHBIX U
OCCKOHEUHOE YUCJIO OTPUIIATEIIBHBIX YHCEI.



3.1. Pax JleitOauIa

PaccMoTpum citydaid, Koria 3HaKy YWICHOB psijla YEPEAYIOTCS, HAPUMED,
YJICHbl C HEYETHBIMM HOMEpPAMM MOJIOKUTEJIbHBI, a YJICHBbl C YETHBIMU
HOMEpAMU OTPHULIATEIIbHBI.

Onpeodenenue 2. Panpl, npencraBiaeHHble B BUue: Yoo (—1)"1-a,
wi Y, —1(—1)" - a,, rae a,, > 0, Ha3BIBAIOTCS 3HAKOUEPEOYIOUIUMUCSL.

Teopema 1 Jleiionuya (NpU3HAK CXOAUMOCTH 3HAKOUEPETYIOLIETOCS
psna).
Eciau uneHbl 3HAKOUEPEAYIOMIETOCS psjla MOHOTOHHO YOBIBAIOT 10

MOIYJIIO: 4, > Any1, N = 1,23, ..,

U cTpemMsTes K Hymo: lim a, = 0, TO psiag cxoauTcs.

n—>00

ﬂOKClS’ClmeJZbCWlGO.

Jly1st onpeieIeHHOCTH BO3bMeM P Yome 1 (— 1)1 - a,, a, > 0.

PaccmoTpuM mOCIIeAOBATENBHOCTh YAaCTHUYHBIX CYMM C YE€THBIMH
HOMEpPaMH:

Son = (a1 —ay) + (a3 —ay) + -+ (azp—1 — Azy).

Unensl psaa CrpylnnupoBaHbl TaK, YTO BCE CIAracMble 3TOU CYMMbI —
MOJIOKUTENIbHBIE YMCJIa. 3HAYUT, YaCTHUYHBIE CYMMBI C YCTHBIMHU
HOMEpaMM BO3PacCTarOT C POCTOM M.

C apyrou CTOPOHBHI,
Son = a1 —(ay —az) —(ag —as) — - — (Ayp—2 — App—1) — Aoy,

T.e. YaCTUYHBIE CYMMBbI C YETHBIMH HOMEPaMM OTpPaHUYEHBI TEPBHIM
YJICHOM psiaa: So, < aq.

CiienoBaTeNbHO, CYIIECTBYET KOHEUHBIA MIPEIEI 7il_r)rolo Son = S.



JI714 4aCTUYHBIX CYMM C HEUETHBIMHA HOMEPAMU CIIPABEINBO PABEHCTBO:
Son+1 = Sy + Azp41, U3 KOTOPOTO CIEAYET, UTO

n—oo n—-oo

- llm SZn + llm a2n+1 —
Nn—>00 n—-0o

= S + 0(mo ycioBui0 TeopeMbl) = S.

I/ITaK, YaCTHUYHBIC CYMMbI C YCTHBIMHU WM HCUCTHBIMHW HOMCpaMH HMCIOT
OIHH M TOT XK€ IIPCACII, d, 3BHAYUT, PO CXOAUTCS, U €TI0 CYMMa PaBHA S.

Onpedenenue 3. 3HAKOUEPEAYIONIMUCS PAT, YIOBJIECTBOPSIONINAN
yCIOBUAM Teopembl JIenOHuIa, Ha3bIBAECTCS paoom Jleubnuya.

3ameuyanue. YacTHUHbIE CYMMbI C YETHBIMU HOMEpPAMHU MPUOITHAKAOTCS

K CyMMe psijga S, Bo3pacTas, a 4YaCTUYHbIE CYMMBI C HEYETHBIMU
HOMEpaMU — yObIBasl, T.€. CIPaBEIJIMBO HEPABEHCTBO:

Son < S < S5,-1.
B wactHoctn, 0< S < ay.

Ecnu mnepBeiii uineH psga JleiOHuna —aq, T.€. OTPULATEIEH,
TO —aq < S5S<O0.

B mr000M ciiyuae cyMma psijia MMEET 3HaK €ro MEPBOro 4jeHa ¥ MEHbIIE
€ro Mo MOAYJIIO.

Ocratok psapa JleilOHuIla Takke sABIsAeTca psagoMm JleiOHua.
CnenoBareabHO, CyMMa OCTaTKa MMEET 3HaK CBOEr0O IEpPBOTO YjI€Ha W
MEHBIIIE ero mo Moayito. Tak nns psaa JIelOHUIlA JerKO OlIEHHUBAETCSI
Pa3HOCTb MEXKIY CYMMOU Y YaCTUYHOM CYMMOM.



—-1"
[Mpumep 1. HMccaemnoBaTh Ha CXOIUMOCTD PSII )upy—q %

JIerko mpoBEepUTH, UTO YCIOBUS TeopeMbl JIeliOHuUIIa BBITTOJIHEHBI:

1 1 . 1
a, =—>——=a lim=-=0
. n” n+1 n+l o eon ’

A CXOJUTCA.

[Ipumep 2. HMccrmenoBath Ha CXOAUMOCTbD PSJT

Inn

Inn
Ln=1 (D" —, ap =—.

JI1s mpoBepKH BBIMOJIHEHHUS YCIOBUM TeopeMbl JlelOHUIIA BBeaeM

Inx
bysakuo f(x) = — U JIOKaXeM, YTO OHAa MOHOTOHHO yOBIBaCT,

HadrHasa ¢ HCKOTOPOIro 3HAa4YCHUA X, U CTPEMUTCA K HYJIIO IIPHU X — ©O,

Beraucioum:

) _ ln_x)' _ 1-Inx
f (x) - ( x - XZ < O
oL x > e.

DTO 03HA4YaeT, UTo, HAUMHAA C HOMEpa N = 3, BEpHO HEPABEHCTBO

Ap > Ay, N =3, ...

. Inn
Kak yxe ObUl0 moka3zaHo, lim — = 0. CnenoBaTenbHO, YCIOBUSA
n—->00

Teopembl JIeOHUIIA BBITTOJIHEHBI, U PSII CXOIUTCS.

3ameuanne. CocTaBUM psAlibl U3 MOJYJEH YJIEHOB PaCCMOTPEHHBIX

PSJIOB:

Yin=1

O6a atu psana pacxoaarcs. [IepBoiii U3 HUX SBISETCS TAPMOHUYECKUM, a

1 o Inn
n’ anl n’

YJICHBI BTOPOTO, HAYMHAs C 1 = 3, OOJIBIIIE, YEM YJICHBI TAPMOHUYECKOTO
psana.



3.2. AOCOIrOTHAS ¥ YCIOBHAS CXOAUMOCTbD

[TycTh JaH MPOM3BOJBHBIA 3HAKONMEPEMEHHBIA DI Yipeq n, & PAI
Ym=1lay,| cocTaBnen uz Mmomysei ero 4ieHoB.

Teopema 2. Ecim cxonuTcs psAl U3 MOAYJIEN WIECHOB JaHHOTO PANA, TO
CXOJUTCS ¥ CaM 3HAKOIIEPEMEHHBIN P/l

Lokazamenvcmeo. Ilyctb cxomurcs psaa U3 moxyieun. Toraa coriacHo
kputeputo Ko s moooro € > 0 HaiaeTcs Homep N Takoi, 4To 1Jis
moboro HOMepa n > N wm moboro HarypaibHOro K OyaeT BEpHO
HEPABEHCTBO:

|an+1| + |an+2| + ot |an+k| <E.
JI71s1 3HaKOMEPEMEHHOT 0 Psijia MOIYyYUM CICAYIONIYIO OIICHKY:
|an+1 +anyz + o0+ an+k| = |an+1| + |an+2| Tt |an+k| <&

49TO 03HA4acT, 4TO YCJIOBHUC CXOANMMOCTH IJIsI HCI'O BBIITOJIHACTCA, T.C. CaM
3HaKOHepCMCHHBIﬁ paa CXOOUTCA.

Onpeoenenue 3. Ecinv cXoauTcs psiji, COCTaBICHHBIN U3 MOAYJICH YICHOB
JAHHOTO Psia, TO caM 3HAKOIEPEMEHHBIN PsiJi Ha3bIBACTCS aOCOIIOMHO
CXOOAUWUMCSL.

Onpeoenenue 4. Ecau 3HAKONEPEMEHHBIM PsAJI CXOOUTCS, a P,
COCTABJICHHBI U3 MOJIYJIEM €ro YJICHOB, PACXOJIUTCS, TO TaKOWU P
HAa3bIBAETCS YCIOBHO CXOOAUUMCHL.

-1 |
Psaner  )—q %,Zf{’:l(—l)” -%, pacCMOTpPEHHBIE B  IMpUMEpax

MPpSAbIAYIICTO ITYHKTA, ABJISAIOTCA YCJIOBHO CXOAAINMUCH.

[Ipu ycTaHOBIEHUU aOCOMOMHOU CXOOUMOCTH MOXKHO MOJb30BaThCA
BCEMU IPU3HAKAMH CXOJMMOCTH TOJIOKUTENbHBIX pAnoB. Ecin
CXOJIMMOCTb psAZia U3 MOJAYJIEH YCTAaHOBJIEHA, TO HCCIENOBAaHUE Psifa Ha
3TOM 3aKaHUYMBAETCSA: PAJl CXOAUTCA a0COIIOTHO.



Eciu ycraHOBJIE€HAa pacXOAUMOCTh psila U3 MOIYJIEM C IIOMOIIBIO
npuzHakoB JlanmamOepa wim Komm, TO UCCIEIOBaHUE TaKkKe
3aKaHYMBACTCSA, T.K. B 3TOM CIIy4ac 3HAKONEPEMEHHBIN sl pACXOAUTCS
B CWJIY HEBBINIOJIHEHUSI HEOOXOJUMOTO YCIOBUSI CXOAUMOCTH (OOIIUi
YJICH PsJIa CTPEMUTCS K 00 ¢ BO3pacTaHUEM 1).

Ecmn pacxomumocTh psAxa W3 MOAYJIEHM YCTAaHOBJICHA JPYTMMH
cnocobamMu, TO HCCIEIOBaHUE HAAO0 NPOJODKUTH, Hampumep, s
3HAKOUEPEAYIOUIUXCS PSAJIOB C TMOMOIIBI0 TeopeMbl JlehHOHuma: psia
MOYET CXOAUTHCS YCIOBHO.

IIpumep 3.

2n2

HccnenoBaTh Ha CXOIUMOCTD PAA Yo q(—1)7HL —.

[Tpumenum nipusHak JlanamOepa K psay U3 MOJTyJIEH:

2 2
i ntl s 2(n+1) n! . on+2n+1 n! _
lim = lim +— == |lim — -
n—oo Qan n-oo (n+1)! 2n n—oo 2n (n+1)!
. 22n+1 . 22n+1 fo'e) . 22n+1_21n2
= lim = lim =l—]= lim —— = 4+,
n—oco N+l n-co n+l 0 N—00 1

Ipcacji BBIYHUCIICH C IIOMOIIbIO ITpaBHJIA JlonwuTans.

Psn u3 Moaynen pacxoauTcs, IPUUEM €ro pacXoquMOCTh YCTAHOBIIEHA C
nomolibio npusHaka /lanamOepa. 3HauuT, U caM Pl paCXOJAUTCSI.

IIpumep 4.

3n+1)"

HccnenoBars HA CXOOUMOCTD PS/I 2%0:1(_1)"+1 (5n+3

[TpuMeHnM paguKaibHbIW TpU3HAK Ko K psiay U3 MOAYJIEN:

. n _ e (3n41) _ 3
lim J/a, = lim (5n+3) =< 1,

n—->0o n—-o0o

3HAYUT, JAHHBIN Psil CXOAUTCS aOCOJIFOTHO.



IIpumep 5.

="
MccnenoBarh Ha CXOUMOCTD PSIT ) omeq R
n
Psng w3 wMomyned sBIsSETCS  pacXoAAmMMcS Kak  OOOOIIEHHBIM
. 1
FapMOHMHYECKUH DAl ¢ MOKas3aTeneM a = . OpnHako, 11 JaHHOTO psijia

BBITIOJTHEHBI YCJIOBUS TeopeMbl JIeiOHUIIa, T.€. P CXOIUTCS YCIOBHO.

[Tpumep 6.
sinn
HMccnenoBarh Ha CXOUMOCTh 3HAKOIIEPEMCHHBIA PSIA )0 —1 —
.. oo Isinn|
Psin w3 Moyneit: Y n—q —
Ismnl
< = D= 1 =5 - pan lupuxie, @ = 3 > 1, cxoaures,

n3 n3’
CrenoBaTeabHO, P U3 MOIYJIEH CXOIUTCS 110 MPU3HAKY CPABHEHHS.

HcxXoaHbli psii CXOOUTCSE a0COJTFOTHO.

IIpumep 7.

3

00 n+l .,

HccenoBath Ha CXOAUMOCTD Pt Yon—q(—1) -
Psin w3 Mmoyneit: Y n—y pert

[Tpumenum npusHak Komm-pagukaabHbIN:

) . nn3 1 g
lim §/a, = lim |— = > <1, psg w©3 MOIyJEH  CXOIUTCH,

n—-oo Nn—oo 2n

CJIEA0BATEILHO, UCXOIHBIN PSJT CXOIUTCS a0COIIOTHO.



3.3. CoiicTtBa a0COJIIOTHO U VCIOBHO CXOISANIMXCS PSIIOB

be3 nokazarenbCTBa OTMETHUM CIICAYIOIIME CBOMCTBA aOCOIIOTHO M
YCIIOBHO CXOIAIIUXCS PANOB.

Teopema 3. Ecnu psim cxoauTcs aOCOIIOTHO, TO P, MOJYYEHHBIM
MIPOM3BOJIBHOW MEPECTAHOBKOU €TI0 WICHOB, TAKXKE CXOJAUTCS U UMEET Ty
xe cymmy. Ipyrumu cioBaMu, aOCOIMIOTHO CXOISIIMKACS psif 00Jagaet
MEPEMECTUTEIILHBIM CBOMCTBOM TaK K€, KAK U KOHEYHAsI CyMMa.

Eciu psax cXomurcs YCIOBHO, TO HaIJIEXKallled IEPECTaHOBKOM €ro
YJICHOB MOXXHO HM3MEHHUTh CYMMY psijia Ha Jt000€ 3aJaHHOE YHCIIO, a
TAK¥KE CIIENATh PAJT PACXOIAIAMCS.

PaccmoTpum npumep.

1 1
— — + o000
2n—1 2n

ABIIACTCS YCIIOBHO CXOIAIIUMCA.

P;ml—l+l—l+~-+
2 3 4

Tenepp mepecTaBUM WIEHBl psAJa TakK, YTO MOCJIE OJHOTO

MOJ0KUTEIBLHOTO YieHa OyAyT ClIe0BaTh 2 OTPUIATEIbHBIX:

1 1 1 1 1 1 1 1

1—-—-t-—=—= to———— =
2 4 3 6 8 5 10 12

1 1 1 1
———) + (———)+... =
6 8 10 12
1 1 1 1 1 1
=—(1—__|_____|_...+ ___|_...)_
2 2 3 4 2n—-1 2n
SlcHO, YTO 1OCIEeNOBATEIBHOCTE YACTUYHBIX CYMM HOBOIO psAAa
cxoautcsi. OQHAKO B PE3YJIbTATE MEPECTAHOBKU WICHOB PAA MOJYYCH

psAll, CymMMa KOTOPOTO B 2 pa3a MEHbIIE CYMMbI HCXOAHOTO PSA.

JIeMCTBUS 1O  MCCIEIOBAHUIO  3HAKOUYEPEAYIOWIErocs psAaa Ha
CXOJIMMOCTh MO>XHO M300pa3uTh B BUJIE CXEMBbI:



SHHRQ‘IEPE;]}TI{}]]IHECH PHAIBIL: z (—])nﬂ'" = —ﬂl + ﬂ'z - ETS +...+ ﬂ'" —
=1

bl
I D", =a,-a,+a,—...+a,—...
r=1
L. ITccnenyeM Ha abCOMIOTHYIO CXOIIMOCTE!
*®
pacxooumca PAL I3 MOIyIell: z a,

. _pao — cxooumea
Hdaravbepa) / pacxooumes
(Op. npuzHax)

HcxoaHbl# pajg HcxoaHbId
PACX0OIHTCH Y HCXOIHOTO pAla PHI CXOOHTCH
abCOIIOTHOIT a0COIHTHO
CXOJHMOCTI HET
2. IHccmexmyeM Ha YCIOBHYIO CXOIHMOCTE:
1) lim a, =0
o Vemopusa JlefibHnma
2) a,=a,.,
oa
Hem /
HcxoaHBIA pAJ PACXOIHTCH. HcxoaHsli pan seingeTcs pagoM JleiidHmnmna,

CXOJHTCH YCTOBHO.



