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4. PyHKUIMOHAJIbHBIE PSIAbI

4.1. DyHKIMOHANBHBINA DA, €0 00JIACTh CXOAUMOCTH

Onpedenenue 1. I1ycTh 1aHa mocien0BaTeIbHOCTD (PYHKIIHN:

ul(x), uZ(x)i '")un(x); CELI

OIPCACIICHHBIX HAa HCKOTOPOM MHOXKCCTBC X. BBIpa)KeHI/IG BHJ4a.
co

u () +u, () + oA u,(x)+ = Z U, (x)

n=1

HAa3bIBACTCS (DYHKYUOHATbHBIM PSOOM, @ MHOKECTBO X — 00JIACTHIO OIpEICIICHUS
ATOTO PsfA.

IIpy nmoacraHOBKE IPOU3BOJBHOTO 3HAYEHUSA X U3  MHOXectBa X
(YHKIIMOHATIBHBINA Psii CTAHOBUTCSI YUCIIOBBIM, IPUYEM MPU OJTHUX 3HAUYCHUSIX X
YUCJIOBOM PSIJT MOXKET OBITH CXOASAIIUMCS, a TIPU APYTUX — PACKOISIIITUMCS.

Onpedenenue 2. MHOXKECTBO 3HAYCHHH TMEPEMEHHOW X, MpPU KOTOPBIX
(YHKIIMOHANIBHBIA ~ PAJl  CXOAUTCSA, HA3BIBACTCA  00AACMbIO  CXOOUMOCHU
(YHKIIMOHAJIBHOTO Psia.



[Ipumepsl. PaccMoTpuMm psiibl, onipeeieHHbIe s JI00bIX 3HAUCHUN X.

1. Ypo—qx™  OOmactel0  CcXOAMMOCTH  siBiusgercs  umHTepBan  (-1,1)
(mpu moxacraHoBke Vx € (—1,1) momydaeM CXOISAIIMICS PSII F€OMETPUYECKOM
MIPOTPECUN ).

1
2. Y1 —~ O061acThIO0 CXOAUMOCTH SIBIIsIETCS MHTEpBa (1, +00).

CymMma (QYHKIMOHAIBHOTO PAaa Mg—1 Uy (x) = S(x) mnpeacraBisger coOoi
(YHKIHIO, OIIPEACIIEHHYI0 Ha 00JIACTH CXOAUMOCTH PSjIa.

1

3. Xn=177s

n2+x?’
1 1

n2+x2? = n?’

Vx ER:0<

1

o 1 . o
pAn Zn=1§ — pan Jdupuxiie, CXOAUTCSA, —> IOJIOKUTENbHBIN P anlm

CXOOUTCA IIPHU JFOOBIX 3HAUCHUAX X (HO ITPU3HAKY CpaBHeHI/IH).

: 2
sin (N*x o
4.7 % — 3HAKOIEPEMEHHBIN PSIII.
: 2

. oo |sin (n?x)]

Psin w3 Mmomynei: Yo —
: 2

sSin (n*x 1
lsin*0] o 1

Vx €ER:

n2 n?’

1 .

Yme1 — — CXOJIUTCS, CIIENIOBATEIBHO, CXOIUTCA PATl U3 MOTYIIEH, 3HAYMT, TIPH
JM00BIX 3HAYEHUX X (MO0 MPU3HAKY CPABHEHUSI) CXOJUTCS UCXOIHBIN psifg
(abcomoTHO).

4.2. PaBHOMEDPHAS CXOAUMOCTDH (DYHKIIMOHAIBHOTO DAAA

KoHeunble cyMMBbl COXpaHAIOT CBOWMCTBA CBOMX cilaraeMbiXx. Hampumep, cymma
KOHEYHOI'0 YHCJIa HEMPEPhIBHBIX (PYHKIUM Takxke HernpepbiBHA. O0nagaroT v
OCCKOHEUHBIE CYMMbI (DYHKIMH, T.e. (PYHKIMOHAJIBHBIE PsIbl, aHAJOTUYHBIMU
cBOMCTBaAMU?

PaccmoTpum nipumep.

2

OYHKIIMOHATBHBIN P Zflo:l(lfT)n

npeacTaBisier cobol nmpu x # 0 cymmy
r€OMETPHUUECKOM porpeccuu co 3HaMeHaTeleM

q:

7 0 < g < 1.IIpu x = 0 BCce WIECHBI 3TOrO psiia paBHbBI HYJIIO.



CiienoBatesibHO, JAaHHBIA PSJT OMPEACICH U CXOOUTCS MPHU BCEX X, MPUYEM €r0

x?2

cymma S(x) = (1+x2)(1— _,_xz)
0, x=0

=1, x#0

Takum oGpa3zoM, cymMa psiia TEPIUT pa3psiB npu x = 0, HECMOTPS HA TO, YTO
YJIEHBI PSAJIa HEMPEPBIBHBI ITPU BCEX X,

O yHKIHOHAIBHBIE CBOMCTBA CYMMBI Psi/ia 3aBUCAT OT XapaKTepa CXOAUMOCTH
CaMoro psija.

[TycTh QYyHKIMOHAIBHBIA PSAA Y1 Uy (X) CXOOUTCS HA MHOXKECTBE X.
Sn(x), S(x) - yacTnyHas CyMMa U CyMMa 3TOTO Psijia COOTBETCTBEHHO.

Onpeodenenue 3. OYHKIMOHANBHBINA PII ). —1 Uy (X) Ha3BIBACTCA PABHOMEPHO
cxoo0sawumcss Ha MHOXKECTBE X, €CIHM OTOT PsJ CXOAUTCS IpH BCEX X,
MIPUHAJICKAIMNX MHOXKECTBY X, U 11 jirodoro € > 0 HaiigeTcs Takoil Homep N,
qTO0 s Bcex HomepoB n >N u misg awoboro x € X OyneTr BBIIOJIHEHO
HepaBeHcTBO: |S,(x) — S(x)| < e.

JpyrumMu ciioBamu, psiJi CXOJAUTCS PABHOMEPHO Ha MHOXECTBE X, €CIIU Pa3HOCTh
MEXIy YaCTUYHOM CyMMOW U CyMMOM psiia CTAaHOBHUTCSI CKOJIb YTOJHO Majoi,
HayuHasg C HEKOTOPOTO0 HOMEpa, OJHOBPEMEHHO ISl BCEX X, MPUHAIJIEKAITUX
00JIaCTH CXOIMMOCTH PSJa.

['eomeTpuyecKkn paBHOMEpPHAs CXOAUMOCTb psda O3HAYaeT, 4YTO TIpaPuKH
JaCTUYHBIX cyMM S, (x) Vn > N(g) OyayT nexaTb BHYTPU €-TIOJOCHI BOKPYT
rpadguka cyMmsl S(x).

[TpuHSATE 0003HAYEHUS:

Y= Up (x) = S(x) — cxomuMocTh psija,

Yomq Uy (x) 3 S(x) — paBHOMEpPHAS CXOAUMOCTD PSIJIA.
Paccmotpum npumepst.

[Tpumep 3.

_1\n+1
Psn Yo—q (m; CXOAUTCS MIPHU BCEX X KAK 3HAKOUEPEIYIOITUNCS P

JleitOHuIa.



(_1)n+1
n+x2n
MOHOTOHHO Y6BIBaIOT 10 MOAYJIIO, T.K. C POCTOM N YBCINYUBACTCA 3HAMCHATCIIb

B ciydae, kormaa |x| = 1, nerko yoeauTbes B TOM, 4TO WICHBI P Y p—q

apobu. B ciryuae, korga |x| < 1 mpoBepuM, 4TO BEIIOJIHSIETCS HEPABEHCTBO:

1 1
n+x2" 7 n414x2nt2?

KOTOpPOE PaBHOCUIILHO HEPABEHCTBY:
n+xM<n+14+x2"*?,

KOTOpOE, B CBOIO OYEPE/Ib, PABHOCUIIBHO HEPABEHCTBY:

x?"(1 —x?%) < 1,

a mocjueaHee BepHo npu x € (—1,1).

Wtax, o0mmii 9JieH JAHHOTO PAJla CTPEMUTCS K HYJIIO C pOCTOM 7 TIPH BCEX X.

Bocnonb3yemcs orieHkoi octaTka psifa Jleitonuna:

1S2(6) = S| < U1 (¥)| = ——55 < — <&

n+1+x2"%2 7 n41

Pa3pema51 JaHHOC HEPABCHCTBO OTHOCUTCIIBHO N, IOJIYYUM:

n>l—1.
&

B kauectBe HOMepa N MOXKHO BbIOpaTh, HAIPUMEP, YKUCIIO, PaBHOE 1E€JI0ON YacTu
1 .
uucna (- — 1). Torma nnsa moboro € > 0 cymiecTByeT Takoi Homep N, 4TO JJis

BCeX HOMEPOB n > N Oyzaer BepHO HepaBeHCTBO: |S,(x) — S(x)| < &,

T.€. JAHHBIN PSAJl CXOAUTCA PABHOMEPHO HA BCEN YMCIIOBOU OCH.



[Tpumep 6.

Psg ),;—1 x™ ABIAETCS CYMMOI r€OMETPUIECKOM ITPOrPECCUU M CXOIUTCS
Vx € (—1,1). Beruucnum cymmy octatka 3Toro psijia:

1Sn(x) = S| =

xn+1

— |xn+1 _|_xn+2 + .“| —

1-x |

Ecnu 3adpukcupoBath HOMEp 1, TO

lim 15,(0) = S@)I =5

x—->—1+

lim |S,(x) — S(x)| =+ oo.
x—>1-0

D10 mokaseiBaer, 4yto VX € (—1,1) HEBO3MOXXHO OCYIIECTBUTH BBIIOIHEHHE
1
HepaseHcTBa |S,(x) — S(x)| < &, nanpumep, a1 € = >» TIPH OZTHOM H TOM e

HOMEpE N.
Takum oGpa3zoM, JaHHBIHN psia cxoauTcst HAa nHTepBaie (—1,1) HepaBHOMEPHO.

[Ipu uccnenoBanuu GyHKIIMOHATBHBIX PSAOB HA MPAKTHKE YAOOHO MOJIH30BATHCS
JIOCTaTOYHBIMU YCJIOBUSIMU PaBHOMEPHOM CXOAUMOCTH.

4.3. Teopema Beliepmrpacca

(I0CTaTOYHOE YCIIOBHME PABHOMEPHOM CXOJUMOCTH).

Ecnu unensl GyHKIMOHATBLHOTO Psfa Y., —1 Uy, (X) mpu Bcex x € X,
yJIOBJICTBOPSIIOT HEPABEHCTBY

lu, ()| < a,, n=12,3 ..,
IJie 4, - WICHBI HEKOTOPOTO CXOJSIIETOCS YUCI0OBOTO PSIIA Y,y Ay,

TO (PYHKIMOHAIBHBIN P Y =1 Uy (X) CXOIUTCS a0CONIOTHO M PABHOMEPHO Ha
MHOXKeCTBE X .

JlokazarenbcTBO. AOCOMIOTHAA CXOJUMOCTh (PYHKIITMOHATIBLHOTO psijia MPU BCEX
x € X cieayeT u3 MpuU3HaKa CPaBHEHUS M U3 CXOJMMOCTH YHCIIOBOTO Psa.



[TokaxeM, 4TO QYHKIMOHAIBHBIN Pl CXOAUTCS PAaBHOMEPHO Ha MHOXECTBE X.
N3 ycnoBus TeOpeMbl CIAEAYET, 4TO ISl JII0OOro HaTypasJbHOTO yucia k u ajs
mt000ro X € X BEpHO HEPABEHCTBRO:

[Un 1 (%) + Upya () + - + Uy (X)) <

< |ung1 G| + |ups2 ()] + - + U ()] <

S Qpig T Apiz ot Ak = Pn

IJi€ P, — OCTaTOK YHCIIOBOTO pAJIA.

[Tepexonst B TOM HEpaBEHCTBE K MpeIey MPH YCIOBUU k — 00, MOJTYYHUM:
|15, (x)| < pn, THE 13,(X) — OCTATOK (PYHKITMOHATIBHOTO PSIA.

T.k. mO YyCIOBHUIO TEOpPEMBbl YHCIOBOW psIA CXOAWTCS, TO IS JH0OOro
€ > 0 maigercs takoit Homep N, 4To 17151 BceX HoMepoB 11 > N OyAeT BBITIOJIHEHO
HEPABEHCTBO: P, < &,

d, 3Ha4uT, U 4J1d OCTaTKa (bYHKHHOHaJII)HOFO paaa BEPHO, 4TO

()| <p, <e miga Bcex x €X, T.e. (YHKIUOHAIBHBIA PSIA  CXOJIUTCS
PaBHOMEPHO Ha MHOXeCTBE X.

Teopema oka3zana.

Onpeoenenue 4. YnucioBoit psian Y,p—1 Ay, YAOBICTBOPSIONUINI YCIIOBUSIM T€OPEMBI
Beiliepmitpacca, Ha3bIBa€TCA  MANCOPUPYIOWUM  YUCIOBBIM  PSIAOM  JUISt
(YHKIMOHATBHOTO PSIIA Y.y q Uy (X) WK uuciosou maxcopanmoil.

cosnx
nz

[Mpumep 7. Jlokazath, YTO HYyHKIIMOHATBHBIA PSIT Yy 1 CXOJIUTCSA

PaBHOMEPHO IPH BCEX X.

MaxopupyIoIKUM YUCIOBBIM PSIOM ISl JAHHOTO (DYHKIIMOHAIIBHOTO Psija
1
n?

cosnx

<

1
SBIISCTCS PSIIL Yopeq —» TK IIPY BCEX X.

n2

1 ~r e
A Tak KaK psag Yip—q — CXOJIUTCA, TO IaHHBIH (GYHKIMOHAIBHBIA PSAJT CXOAUTCS

PaBHOMEPHO Ha BCEU YUCIIOBOU OCH.



o X
[Mpumep 8. JIokazath, 4TO HYHKIIUOHATBHBIA P )y 1 33 CXomUTCA

pPaBHOMEPHO Ha TPoMexyTke [0, +00).
UneHsl TaHHOTO (PYHKIIMOHATIBHOTO PsiJia HEOTPUIIATEIBHBI IPU
x € [0, +00).

JJ1st mOCTpOEHUs MaKOPAHThI HAleM TIPH KaXK10M (PUKCUPOBAHHOM T
X

n3+x3’

MaKCHUMaJIbHOE 3HAYeHHE PYHKIUU Uy (X) =

JI71s1 3TOT0 BBIYUCTHM Uy, (X):

3 n3
, x \ _ n3+x3-3x3  —2x3+4n8 —2<x _T)
un(x) = = = = )
n3+x3 (n3+x3)2 (n3+x3)2 (n3+x3)2

n fod
Up(x) =0 mpu x = 37 4 9Ta TOUKa ABIAETCA TOUKOH MaKCUMyMa byHKIIIH
U, (x).
n
. n\ 3z 2 1
Up () max = Un (3_\/5) TR 30 "z

2

3HAuUT, YieHbl PYHKIIMOHAIBLHOTO psA/ia Ha MHOXKECTBE [0, +00) yAOBIETBOPSIOT
2 1
HepaBeHCTBY: 0 < u,(x) < ——=-—.
p y n( ) 33;/5 n2
. w 1 . .
A T.K. YHCIIOBOH PAI Y p—q — CXOJIUTCS, TO YUCIIOBOI PsiL, OOIIUH YJIeH

1
—, TAKXKE CXOIMUTCA.

2
KOTOPOTO paBeH —z— - -

B cuny Teopemsl BeliepiTpacca JaHHbBIN (QYHKITMOHAIBHBIN PSIT CXOIUTCS
pPaBHOMEpHO Ha poMexyTke [0, +00).

4.4. CBOMCTBA PABHOMEDPHO CXOISIINXCSI DAIOB

2

X
PaccmarpuBas psn fo:l—(l T

2y KOTOpBIﬁ CXOOUTCs IIPpHU BCCX X, U BCC YJICHBI

KOTOPOTO HEMPEPHIBHBI HA BCEU YUCITOBOM OCH, Mbl 00OHAPYKWIH, YTO CyMMa psiia
Tepnut paspbiB B Touke x = 0. DOTo O0OBACHIETCS HEPABHOMEPHOCTHIO
CXOJIMMOCTHU JAHHOTO psiJia Ha JTI000M MHOXECTBE, cojiepkaieM Touky X = 0.

[Tokaxxem 3TO, OLIEHUBAs OCTATOK psAna npu x #* 0:

S(x) = Su(x) =1 (x) =



2

2 2)n+1

— X X n _ (1+x _
(1+x2)n+1 (1+x2)n+2 1_1+1 5 (1+x2)n’
x

. . 1
2y 7 () = 0 Gy = 1

T.C. OCTATOK pAAda HC MOKCT OBITH CKOJIb YTroaHo MajJl OJTHOBPEMCHHO IIPH BCEX X
HH JJIs1 KaKOTO HOMEpa Nn.

Psn cxonuTcest HEpaBHOMEPHO Ha MHOXECTBE, CoAeprKameM Touky x = 0.

[Tepeitnem K M3y4EHUIO CBOUCTB (DYHKIIMOHAIBHBIX PSIOB, CXOISIINXCS
PAaBHOMEPHO HA HEKOTOPOM OTPE3KE.

1. HenpepuvisHocms cymmbl pABHOMEPHO CXOJIAILIETOCS psia.

Teopema 2. Tlycts dyskimu u, (x) (n = 1,2,3, ... onpeaeacHbl 1 HEMPEPHIBHBI HA
otpeske [a,b], a paa Yom—q U, (X) cXOAUTCA paBHOMEPHO Ha 3TOM OTPE3KE.

Torna cymma psiga S(x) HenmpepbIBHA HA 9TOM OTPE3KE.

JlokazaTenbCcTBO. 3apUKCUPYEM MNPOU3BOJIBHYIO TOUKY X, MPUHAJIEKAIIYIO

oTpe3Ky [a,b], 1 s 1'000r0 3HaYSHUS X, TAKKE MIPUHAIICIKAIICTO OTPE3Ky [a,b],
OIIEHHM Pa3HOCTh:

1SCx) — S(xo)| =
= [(S(x) = Sp () = (S(x0) = Sy (x0)) + (Sn(x) = Sn(x0)) <
< [SC0) = Sp ()| + [S(x0) — Sp(xo)| + [Sn(x) — Sp(xo)l-
Bh1GepeM IpOH3BOIBbHOE 9ucio € > 0.

B CUiy paBHOMepHOﬁ CXOIUMOCTH PAOa MOKHO (1)I/IKCI/IpOBaTB HOMCp n TaKOfI, YqTo

HepaBeHcTBO |S(x) — S, (x)| < § OyZeT BBITIOJIHEHO JUIA BCeX X € [a, b], B ToM
YKCIIe U IS X.

[Tpu puKCHPOBAaHHOM N YaCTUYHAS CyMMa psia Sy, (X) sIBIISETCS HEPEPHIBHOM Ha
oTpe3ke [a,b] kak cymma KOHEUHOTO YKCIIa HEMPEPHIBHBIX (PYHKITHHA.

[Tostomy st BBIOpaHHOTO € > 0 HaijeTcs Takoe yuciio § > 0, 4To ais J00ro
X, YIOBJCTBOPSIONIETO HEPAaBEHCTBY |[x — xo| < &, OymeT BBINOJHEHO

HepaBeHCTBO: |S,(x) — S, (x0)| < §



Torna pa3HOCTb:
& & &
S(x) —S(xg)| <=+=-+-=c¢
3 3 3
YTO OKa3bIBAE€T HEMPEPHIBHOCTH CYMMBI Psiia B TOYKE X, a T.K. X, BBEIOpAHO
IIPOM3BOJIBHO Ha oTpe3ke [a,b], To S(x) menpepriBHa Ha [a,b].

Jlpyrue CBOWCTBa paBHOMEPHO CXOSAIIUXCS pAnoB chopmynupyem 0Oe3
J0Ka3aTelIbCTBA.

2. llounennoe unmezpuposganue.

Teopema 3. Ecnu pyukimu u, (x) (n = 1,2,3,... HempepsIBHBI Ha oTpe3ke [a,b],
aPAn Ym—q Uy (X) CXOOUTCS paBHOMEPHO HA 3TOM OTPE3KE, TO HHTETPA OT CyMMBbI
psina S(x) Ha oTpeske [a,b] mpencTaBisercs B BHaE CyMMBI HHTETPAIOB OT WICHOB
9TOTO psaa:

[y sCydx = [} (Tiey un () dx = iy [,y (x) dx

3aMeuaHue. I/IHTCFpI/IpOBaHI/Ie MO>KHO BBIIIOJHUTL Ha JIIOOOM OTPC3KC,

NpHUHAJICKAIIEM OTpe3Ky [a, b].

w n
[pumep 9. BEI4uciuTh CyMMy YUCIIOBOTO PSAA Yp—q o

[lycts S - nckoMas cyMMa, PEICTaBUM S B BUJIE:

s=3y a5 ()

n-1

PaccMoTpuM (YHKIIMOHATBHBIN PSAI Ypeq N * X

Ha mob6om oTpeske, mpuHajyiexaiieM uHTepBany (-1,1), 3TOoT psig cxoauTcs
PAaBHOMEPHO, T.K. MAKOPUPYETCSA CXOAIIUMCS YUCTOBBIM PSJIOM:

In-x" 7 <n- g™t (gl < D).

lim Y/n-|q|™ 1 =|q| <1, cinemoBaTenbHO, MaKOPUPYIOIIMHA DAL ey N *
n—->0o

|g|™*! cxomurcs (mo pagukansHOMy npu3Haky Komm).

A, 3HAYHT, PO Yoy N - X1 cxoguTes paBHOMepHO Ha (—1,1).



[IpruMeHUM K TOCTPOEHHOMY (DYHKIIMOHAIBHOMY PSIIy TEOPEMY O MOUYJIECHHOM
WHTETpUpoBaHUH. IHTErpupoBaHue BBHIOHUM Ha oTpe3ke [0, x], momaras, 4ro

x € (—1,1).

(0]

j Z:n-x"‘1 dx=2fn-x"‘1dx=2x"=
o \& 0 1—x

n=1 n=1

Tornma

- ' 1
Z"'xn_1=(1ix) T~ A—x7
n=1

Hckomas cymma S = EZn=1 ne(s

3. IlounenHoe ougpgepenyuposarue.

Teopema 4. Ilyctb dyuximu U, (x) (n = 1,2,3, ... onpeneacHsl 1 HEIPEPHIBHBI HA
oTpe3ke [a,b] ¥ UMEIOT Ha 3TOM OTpe3Ke HEMPEPBIBHBIC TPOM3BOIHEIE Uy, (X). P
Y1 Up(x) cxomurest, a pAn Yomeq Up (X) CXOOWTCA PaBHOMEPHO Ha OTPE3KE
[a,b]. Torma cymma S(x) psma Yo—q U, (x) muddepennupyema Ha otpeske [a,b],
pUYeM IIPOU3BOIHAS CYMMBI PaBHA CyMMe PsiJia U3 MPOM3BOTHBIX:

§'(x) = i un (x) | = i Un'(x).
n=1 n=1

1

[Mpumep 10. BRIYUCTUTS CyMMY YHCIIOBOTO PSAA Yoy pr

o x™ .
PaccMoTpuM (YHKITMOHATBHBIA PSIT .y eq —, KOTOPBIii CXOJUTCA Ha MHTEpBAJIe
(-1,1).
O0603HaYMM UCXOJHYI0 CYMMY YHCJIOBOTO psiza S, a cyMMYy (DYHKITMOHAIILHOTO

psaga S(x). Torma S =S G)

PaccMOTpUM psJi U3 TIPOM3BOIHBIX Yiaeq X 1. DTOT psaj cXOANUTCS PABHOMEPHO
Ha JIIOOOM OTpe3Ke, mpuHajyiexkanieM uHrepBany (-1,1), T.k. Maxopupyercs
CXOJISIIITUMCSI YU CJIOBBIM PSIZIOM.



[IpuMeHnM K JaHHOMY psITy TEOpEMY O MOWICHHOM U hepeHInpOBAHUN:

’ Ooxn (e 0] - (e 0] i 1
S@=(2 7)== =
n=1 n=1 n=0

X

S(x) =j 1ixdx= —In(1 —x) + In1 = —In(1 — x)
0

Uckomasi cymma S = S (%) = —lIn (1 — %) = [n2.



