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reHLlb TYNCLIHMNOHHOLO OQAAGHNY

MareMaTHYeCKHA AaHAJIN3-3

Jexuus 14

Tema 5. U30/1upoBaHHbIE 0CO0ObIE TOUKH

5.1. Hynu aHanuTtryecko QpyHKIUN

5.2. Knaccudukaius n301upoBaHHBIX 0COOBIX TOUEK HA OCHOBE MOBEACHUS
(GYHKIIMH B OKPECTHOCTH 0COO0M TOYKU

5.3. Kraccudukarius n30JupoBaHHBIX OCOOBIX TOYEK 0 BUY TJIABHOU YaCTH
psna Jlopana

Onpeoenenue 1. Touka 2z, Ha3bIBACTCI UBOJUPOBAHHOU OCOOOU MOUKOLU
byukiuu f(z), ecnn f(z) aHaauTHYHA B HEKOTOPOW OKPECTHOCTH ITOM
TOYKH, 338 HCKJIIOYCHHEM CaMOW TOYKH Zy, @ B TOUYKE Z, (DYHKIHS HE
orpeaenacHa Wik He quddepeHnupyema.

PaccMOTpuM TOUKY Zo ¥ pa3ioxuM f(Z) B psii B OKPECTHOCTH TOYKU Zy, T.€. 110
creneHsam (z — zg).

Ecnu Touka z, — npaBuibHas, T.¢. f(z) aHaTUTHYHA B T. Zj, TO CYIIECTBYET
OKpecTHOCTh (KpyT pamuyca R) |z — zy| < R, BHyTpHu KoTOpOro f(z)
aHAMUTUYHA U QYHKIMS paCcKIaJAbIBAETCs B cTeneHHOU psn Teinopa:
(n)
I o n. _ [ (20)
f(2) = $%0 ez — 20)"; ¢ = L—-22

Ecnu Touka z, — nzoaupoBanHas ocodas touka (MOT), To f(z) anaaurnyna B
xosblie 0 < |z — zy| < R u QyHKIMS pacKiaabiBacTcs B cTeneHHON psija JlopaHa:

o £ (z0)
f(Z) = Zn:—oo cn(z — ZO)n; Cn = TO-



5.1. Hynm agaautndeckol dyHKIIUNU

Onpeoenenue 2. Touka z, Ha3bIBaeTCS Hyaem N-20 nopsoxa aHAIUTHYECKOU
byukimu f(z), eciu N — NOPAIOK MEPBOH HE paBHOM HYJIIO MIPOU3BOTHOM:

f(20) = 0,f'%0) = 0,..., f"V(z9) = 0, f W (z,) # 0.
Ecmu n = 1, To ToOUuKa Zy HA3BIBAECTCS NPOCMbIM HYIEM.

Teopema 1. Touka z, sBugercs Hyaem N-ro nopsaka ¢yukuuun f(z),
AHAJTUTUYCCKONW B TOYKE Z, TOTJAa W TOJBKO TOTJa, KOTJa MMEET MECTO
paBeHctBo f(z) = (z — zy)"@(2), rae @(z) aHamUTHYHA B TOYKE Z, H

©(zy) # 0.
Ilpumep I. HatiTn Hynu QyHKUIHUH, ONPEACTUTH TOPSAIOK HYJIS:

f(z) = cosz — 1.

Pewenue: npupaBusieM f(z) Hymo, moaydaM cosz = 1, oOTkynaa
zZy, =2nmn (n =0,%1,...) — Hy1u JaHHON QYHKIIUH.

Hainem
f’(Z) |Z=Zn = —sinz |z=27rn = 0’

f'"(z) 7=z, = —€COSZ | =—-1+0.

Z=2Ttn

CormacHo OnpeneneHuto, z, = 27N ABJISIOTCA HYJISIMA BTOPOTO NOPSIKA.

Ipumep 2. Haiiti By (yHKIMY, OIIPEAETUTS TOPSIIO0K HYJIS:
f(z) =28 -9z77.

Pewenue: npupasusieM f(z) nymo, nonyuuMm z’(z—9) =0, z; =0, z, = 9.
MoO’KHO BOCIIOJIb30BaThCS ONPEACICHUEM, OJTHAKO TPOIIE UCII0JIB30BaTh TEOPEMY

1. OyHKIUSA f(2) npeIcTaBuMa B BUJIC
f(z) =z7(z—9), no Torga z = 0 sBIsieTca HysIeM nopsaaka 7, pyHknuei ¢ (z)
SIBJISICTCS COMHOYKUTEIIb p(z) =z-9, @(0) = -9 +# 0;

z = 9 sBuserca HyJeM nopaaka 1, GyHkuuei @(z) B JaHHOM cilyyae sBJSeTCs
o(z) =2z7,9(9) =97 % 0.

Ilpumep 3. Haittu Hynmu  QyHKIUU, ONPEACIUTh  MOPAIOK  HYJIS:
f(z) =1-e~%

[Mpupasusiem f(z) HyJII0, MOITYYUM

e?=1,z=1Lnl =Inl1+i(0+ 2rnk),

otkyna z, = 2mki (k = 0,%+1,...) — HyIu TaHHOH (QYHKIIWH.

Haiinem



f'(2) |Z=Zn =—e?| _, .. = —(cos2mk + isin2mk) = —

CornacHo onpeAeNeHuto, z, = 21kl ABISIIOTCS MPOCTHIMU HYJISIMU (DYHKIIUU

f(z) =1-—¢€”

Ilpumep 4.

Haiiti Hynu QyHKIMK U ONIPEACTUTD MOPSI0K HYJIS:

f(2) = (z% + 1)3e%

f(z)=0,2z2+1=0, z, =i, z, =—i. Oynkuua f(z) npeacrasuMa B BUJE
f(2) =(z+0)3(@z—i)3e%

z1=1i f(2) = (z—-1)3¢0@),9() = (z+i)3e? ¢(i) # 0, cnenoBarenasHo, M0
Tteop.l z; = [ ABNAETCA HyJIEM NopsiaKa 3.

z, =—i: f(z2) =(z+)302),9(2) = (z—10)3e? @(—i) # 0, caenoBaTeibHO,
no Teopeme 1 z, = —i sABgeTCA HyJeM HopsKa 3.

Ilpumep 3.

Haiitu HYJIN (1)yHKHI/II/I H OIIPCACINTD UX ITOPAAKHU:
f(2) = (z%2 — 1)(z° + 823).

f(2) =(z—1)(z+ 1)z3(z + V8i)(z — V8i),

Z12 - il
L l'IpOCTbIe Hy.fH/I, ZS = O — HOJIb TpeTBeFO HOpHI{Ka.
234 - +\/—l

5.2. Kiaccudbukamsa n30IupOBaAHHBIX 0COOBIX TOUEK
HA OCHOBE MOBEJICHUS (DVHKIIMU B OKPECTHOCTHA 0COO0HN TOUKH

Onpeodenenue 3. Touka z, Ha3bIBACTCS YCMPAHUMOU OCOOOU TOUYKON (YyHKITUU
f(2), ecnu cymecTByeT KOHeUHBIH npeaen Gyukiuu f(z) B Touke Z,
lim f(z) = C.
Z—0Zg

3z

o 1—e
ngweg 1. Haiitut ocoObIe TOUKHU (byHKHPII/I f (Z) = M YCTAHOBUTH HUX THII.

Pewenue: ocobast Touka (byHKuHH f(2) ectb zy = 0. Beruuciaum

1—e3 —3z
lim——— lO] = lim—— = -3.

z—0 z-0 Z

T.€. Zg = 0 — ycTpanumas ocobasi Touka.



cosz—1

IIpumep 2. Haiitn ocoObie Touku pyukuuu f(z) =

z2

Ocobas Touka ¢pyHkiuu f(z) ectb zy = 0. Beruncaum

=lim—-—=—=

lim
72 z-0 272 2

z—0 Z

cosz — 1 l ] —(1 — €0SZ) z? 1
0 z—>0

T.e. Zyg = 0 — ycTpanumas ocobast TouKa.

Onpeodenenue 4. Touka z, HaswiBaeTcsa nomocom Qyukuuu f(z), eciou
lim f (z) = oo.

Z—Zg

Teopema 2. Jlnsa toro utoObl TOYKa Z, Obuta moiarocoM ¢yukuuu f(z),
HCO6XOI[I/IMO U JOCTATOYHO, YTOOBI 3Ta TOYKA ObLIa HYJIEM ISl GYyHKIUU

<p()——

Teopema 3. Ilycts f(z) sBIsSeTCSA aHAINTUYECKOM B OKPECTHOCTH TOUKH Zy. Ecin
TOYKA Zy — HyJIb mopsiaka n i f(z), To ToUKa Z, — IOJIIOC MOPSAKA N IS

1
byukimn @(z) = o)

3ameuanue. Eciv TOUKA Z — OJIOC OPSAJKA T JJIS (bYHKHI/II/I f(z), To TouKa Z,
= 0.

— HyJb mopsaka n aas GyHkiuu @(z) = m IIPpU  yCJIIOBUU

OTMGTI/IM, yro 0e3 IMOCJICAHCTO  YCJIOBUA

f(20)
1
—— =0 yTBepXkAcHUE

f (o)
sinz
CTaHOBHUTCSI HEeBEpHBIM. B camom niene, eciu f(z) = ——, 10 z = 0 — noJroc

1 2
nepsoro nopsaka. OnHako ¢yHkuus @(z) = ok ;E HE ompe/esieHa

npu z = 0.

Teopema 4. J1ns Toro 4toObl TOUKA Z( SIBJISIACH MOJOCOM HOpsiAKAa N GYHKIUU

f(2), HEOOXOAMMO M JOCTATOYHO, YTOOBI GYHKIMIO f(Z) MOXKHO OBLIO
¢(2)
IpeCcTaBuTh B BUIE f(2) = ——,
pexn e f(z) =

©(zy) # 0.

rae @(z) aHamuTUYHA B TOYKE Zy H



3ameuanue. Teopema ocTaeTcs CIpaBeIIMBOM, €CIH  Zp — yCTpaHHUMas ocoOast
Touka GpyHkuuu @ (z) u cymectyet lim ¢@(z) # 0.
Z—oZg

sinz

Hanpumep, ecu @(z) = ﬂ af(z) = @ = ?, T0 Z5 = 0 — moJroc

MIEPBOTO MOpsAaKa JUIst PYHKIUHU [ (Z).

Ilpumep 1.

Haiiti ocoObie Touku pyukuuu f(z) U yCTaHOBUTH MX THII:

f(2) =

2z+1
z4-273"

_ z*-2273
f(z)  2z+1'

Pewenue: naitnem nynu QyHkuuu

Tak kak z*4 — 2z3 = z3(z — 2), T0 QpyHKIMA fg ; IMEET /1Ba HYJIS.

7z, = 0 — 3TO HyJb TPETHETO nop;u:uca no3TtoMy f(Z) MOXHO MPEACTaBUThH B
BHJIE (p(3), rae ¢(z) = 2zt p(0) =—= ;t 0.

ITo Teopeme 4 f (z) B Touke Z = () UMeeT MOJII0C TPETHEro MopsaKa.

Z, = 2 — HyIlb nepBoro nopsaaka, f(z) MOXHO HPEACTaBUTh B BUJC &2) rae
Y(z) = 2zt] , P(2) == ;t 0. Ilo Teopeme 4 f(z) B TOuKe Z = 2 MMeEET IOJIIOC

IICpBOIo HOpHI[Ka.

Llpumep 2.
Haiitu ocoObie Touku GyHKImH f(Z) ¥ yCTAHOBUTH UX THIL:

f(2) = 55—

Z2+2Z)(Z 1)2

1 (z%+22)(z-1)® _ z(z+2)(z-1)?
HYJII/I CI)YHKHI/II/I f(2) - zZ+3 — z+3 '

Z1 = O,ZZ == _2,Z3 = 1.

1 Z+3
f(z) = ;<P(Z), p(z) = e ¢ (z) aHaIUTUYHA B TOYKE

z1 = 0,9(0) # 0, cnenoBaTensHO, Z; = 0 — MPOCTOI MOJIOC.



2 ==2,f(2) = —(2),0(z) =

@(z) aHAIUTHYHA B TOYKE Z, =

Z+2 Z(z 1)2'
—2,¢p(—2) # 0, cnenoBarenbHoO, Z, = —2 — MPOCTOM MOJIIOC.
z3=1. f(z)= )Z(p(z) p(z) = Z(Z+2),(p(z) aHAJIMTUYHA B TOYKE Z3 =

1,p(1) #0, CJIGI[OB&TGJIBHO, Z3 = 1 — nomtoc 2-ro nopsiaka.

Teopema 5. Ecnu pyuxuus f(z) npeacraBuma B Buae f(z) = ZE—Z U TOYKA Z,

ABJISICTCS HYJIEM opsiika m st GyHKIHUN
P(z) (zoy=H(m)) wu wHynem mopsaka | gma  yHKOHK
Q(z) (zy = H(])), To ectb 2y = m, TO

H(1)
1.ecium > [, Ton = m — | ectb nopsaaok Hyast pyukuuu f(z) B TOUKe Z,

2.ectum < [, Ton = | —m ecth mopsa0k motoca GyHknuu f(z) B TOUKE Z,

3. eciiu m = [, T0 zy — ycTpaHumas ocodas Touka.

Ilpumep 1.

Haiitu  ocoObie  Touku ¢yHknud f(z) ©  yCTAaHOBHTh WX  THIL
sinz

1) = 2657

Oco0biMu Toukamu GyHKImu f(z) saenstores z; = 0m z, = 5.
z, = 0. Uucnurenb 1 3HaMeHaTeNb f (Z) oOpamiarTcs B HOJb.

Jnsa uncnutens P(z) = sinz aucino z = 0 sBisercs HyneM | mopsijaka, Tak Kak
P'(z) =0 = €08z |, _, =1 0, To no onpexesnennto 2 z = 0 — MPOCTOii HOJB.

3namenatens Q(z) = z%(z — 5)3 no teopeme 1 B Touke z = 0 MMeeT HOJIb 2-TO
opsIKa.

CrnenoBarenbHoO, Zy = % = [I(1) — mosroc mepBoOroO MOpsiaKa (1Mo Teopeme 5).
B Touke z = 5 nepenurieM ¢pyHkiuio B Buae f(z) = (;0_(33, e
H(0)

p(z) = Slrzlz, p(5) = SN & 0, ¢(z) ananutuyHa, T.€. Z, = = [1(3) — moiroc

H(3)
3-ro mopsaKa.



Ilpumep 2.

Haiitu Tum oco6oii Touku z, = 0 ¢yukiuu f(z) =
P(z) =z P(0) =0, P'(0) =1 # 0, z, = H(1).
Q(z) =2+2z%—2chz,0(0) =0,0'(z) = 2z — 2shz,Q'(0) = 0,
Q"(2) = 2 — 2¢chz, Q" (0) = 0,Q"" (z) = —2shz, Q" (0) = 0,
Q®W(z) = —2chz, Q¥ (0) = =2 # 0,z, = H(4).

z
2+z2-2chz’

Urak, z, = % = [1(3) — momroc 3-ro mopsaxa.

Ilpumep 3.

Haiitu ocoObie Touku GyHKIMH f(Z) U yCTAHOBUTH UX THIL:

1_eZ+1

f(Z) o z(z+1)3

Oco6biMu Toukamu GyHkuuu f(z) seusrores z; = 0u z, = —1.
H(0) “

Z =4 = [1(1) — mpocroii mostoc.
HD)

2= 1) = [1(2) — momtoc 2-ro mopsaka.

Onpeoenenue 5. Touka zZ, Ha3bIBACTCS CYyWeCmEeHHO 0coOO0l TOUKOW, €CIU HE
CYIIECTBYET HM KOHEYHOro, HU OeckoHneuHoro npeaena f(z): A lim f (z).
Z—0Zg

.1
Hanpumep, mis ¢yakmuu f(z) = sin— Touka Z = 0 sgBmAeTCA CyHIECTBEHHO

. . 1
oco0o0ii Toukoi, T.k. A lim sin-.
z—-0 4

5.3. Knnaccudukaimsa n30JIMpOBaAHHBIX 0COOBIX TOUYEK
0 BUIIY IJIAaBHOW YacTH pana JlopaHa

Teopema 6. Touka zy SIBISACTCS YCMPAHUMOU OCOOOU MOUKOL, €CITU B PA3I0HCEHUU

f(2) B psn Jlopana B OKPECTHOCTH TOYKH Z; OTCYTCTBYET IJIaBHAs YacTh,

T.C.
00

F@ =) ealz=z)"

n=0



Teopema 7. Touka z, ABISIETCSI NOJIOCOM uxuyuu f(z), ecnu riiaBHasg 4acTh
0

pasioxenus B psag Jlopana f(z) B OKpEeCTHOCTH TOYKHM Zy COIEPIKUT

KOHEYHOE qUCIIO cllaraeMbIX, T.C.

f(z) = (Zi‘#+. o+ +Yr-ock (z — Zo)¥ (c_p, #0),

HauOONbIIasi CTENEeHb Y Pa3HOCTU (Z — Zy), CTOSIIEH B 3HAMEHATEISX
YJIEHOB IIABHOW 4acTH psana JIopana, paBHa MOPSAIKY ITOJIFOCA.

C
Z—Zy

Teopema 8. Touka z, ABIACTCS cyuecmeenno ocoboi mouxou ansa GyHxuu f(z),
€CIIM TJIaBHAs 4acTh pasiaoxenus f(z) B psa JlopaHa B OKPECTHOCTH Z
COJICPKUT OECKOHEYHO MHOTO YICHOB.

B craenyromux mnpuMmepax HaMTH BCe OCOObIe TOYKH JaHHBIX (YHKIMN U
YCTAaHOBUTH WX THII.

1-e~ %

Ipumep 1. f(z) =

VA

Ocobas Touka f(z):z, = 0, B 3T0# Touke (QYHKIUS HE OmpenaeseHa. Pa3imoxum
f(z) B okpecTHOCTH TOUKH Zy = 0, T.€. 10 cTeneHsM Z B psix JlopaHa:
1 z?  z3 n

f(Z) =; 1—(1—Z+z—§+...+(—1)n%+... =

-2 (D) = Y (- D)
20 31 7 (n+1)! n=0 (n+1)!"

DTO Pa3lIOKEHUE HE COAECPKUT TIIaBHOU yacTh. [loaTtomy Touka zy, = 0 sBiseTcs
YCTPaHUMOM 0COO0M TOUKOM.

1—cosz

Ipumep 2. f(z) =

77
Ocobas Touka f(z):zy = 0. Hcmone3ys pasnoxeHue B psag Teimopa s

(YHKIMH COSZ B OKPECTHOCTH TOUKH Zy = 0, MOJIyYHM JIOPAHOBCKOE Pa3JI0KECHHUE
GyHkMH f(Z) B OKPECTHOCTH HYJIS:

Pasnosxxenue B psan Jlopana ¢yHkiuu f(z) B OKPECTHOCTH TOYKH Zy COHEPIKHUT
KOHEUHOE YHCJIO YICHOB C OTPHUIATCIBHBIMU cTerneHsMmu z. ClieoBaTelbHO,
Touka Zy = 0 SBJISETCS MOJIOCOM IIATOTO MOPSAKA, T. K. HANOOJIBIIIHIA TOKA3aTeb
OTPHULIATEIILHOW CTEIICHU Z PABEH 3.



1
Hpumep 3. f(z) = (z + 3)3ez+s,
Hcnonbs3yeMm pasnoxeHne
t> 3

t —_ —
e —1+t+2!+3!+...
CnemaeM 3aMeny t = z + 3, moJIy4nM JOpaHOBCKOe paznoxenue Gyukuuu f(z)
B OKPECTHOCTH Zy = — 3!
1 o1 11 1
t) =t3- ?=t3-z =t3<1+—+ + )
f@® ¢ nltn t  2!t? 3!t3+

n=0

f()—(+3)3l1+ - + ! + ! + ! + ]—
2=\ Zz+3  21(z+3)2  31(z+3)%  M(z+3)F )T
1 1

z+ 3
= 3)3 32—+ — —+...
(z+3)° + (z+3)* +—; METRETY

DTO pa3IokKeHHE COACPKUT OECKOHEYHOE MHOKECTBO YICHOB C OTPUIIATEIIBHBIMH
creneHsiMu (z + 3). CrenoBareibHO, TOYKA Zy = —3 SBJISETCS CYIIECTBEHHO
0co00it Toukoit pyukimu f(z).

Tabauna kiaaccupuranuu U30JUPOBAHHBIX 0COOBIX TOYEK (PYHKIMH

Tuner UOT

ITo npeneny [To pany Jlopana B okpectHocT UOT

Ycrpanumas ocobas Touka Zg:

lim f(z) = ¢, Psn JlopaHa HEe COIEPKUT TJIABHOW YacTH, T.€.
Z—Z9 —

f(z) =cog+c1(z—2zp)+..

[Tosroc mopsika N
lim f(z) = ['maBHas yacTh psiyga Jlopana koHeyHa, N —
z-2Z

cTapias CTerieHb (Z — Zy) B 3HAMEHATEJIe

CylecTBEHHO 0c00ast TOUKa Z

lim f(z) ne cymecrByer | ['maBHas yacte psaa Jlopana compeput
Z—Z
0 OECKOHEUHOE YHCIIO CIaraeMbIX




