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7.1. OcHoBHASI TEOpEMAa 0 BbIYETAX

Teopema 1. Eciu Gyukuus f(z) aHanuTHYIHA BCIOAY BHYTPH 3aMKHYTOM 00JIaCTH
D, orpaHnueHHOW KOHTypoM L, 3a HCKIIOUYEHHEM KOHEYHOTO YHCIIa
M30JMPOBAHHBIX OCOOBIX TOYEK Z1 Z3 ..., Zy, JIEKAMX BHYTpH D, Torma

n

ngf (z)dz = 2mi Z rZeks f(2).

k=1

Hokazamenbcmeo. Bce ocoOble Touku z, € D, nexaniue BHYTpU KoHTypa L,
OKPYKUM KOHTypaMmHu ly Tak, 4ToO0BI |k He IepeceKaanuch 1 MeInKOM JISKaIn
B D. Ilo cinenctButo u3 teopeMbl Kommm mjisi MHOTOCBSI3HOM 00J1acTH
WHTETpaj MO BHEIIHEMY KOHTYypy L paBeH cymMe HHTErpajioB IO
BHYTPEHHUM KOHTYpaMm [, ...,[l, Tpu yciioBuu, o0X0jJ BCE€X KOHTYPOB
coBeplIaeTcsl B 0AHOM HampasieHud. [lo onpenenenuio Bpuera:

f(z)dz = 2mi - resf(z;)

1

f(2)dz = 2mi - resf(z;)

Ly

f(z)dz = 2mi - resf(z,)

ln

[Ipocymmupyem paBeHCTBa:



n

f(z)dz = 2mi ) resf(zy)

k=1
n

ﬁf (z)dz = 2mi Z rzeks f(2).

k=1
IIpumepsl. BeraucnuTh MHTETpajl ¢ MOMOIIBIO OCHOBHOM TEOPEMBI O BBIYETAX.

dz
|z+2|=1 (Z + Z)Z(ZZ + 1)

1.

Oco0ble TOYKU TOABIHTEIPATBHON (YHKIUU |  yy
ONPEACIISIIOTCS U3 YPABHEHUS

(z+2)%2(z*+1) =0. /

Z, = —2 — IOJI0C BTOPOI0 MOPSIKa,

Z, 3 = *i — moiroca nepBoro mopsaKa.

BuyTpu okpyxHOCTH |z 4+ 2| =1 nexXuUT
OJlHA TOYKAa Z = —2, MO3TOMY I10 OCHOBHOM

TCOPCMC O BbIUCTAX

dz
= 2mi - res f(z).
flz+2|=1 (z+2)2(z*+1) z=-2
Z = —2 SBISETCS MOIIOCOM 2 mopsaaka At pyHkuuu f (z).
_ 1. d (z+2)? ] T -2z _ 4
zie_szf (2) = 1!2@112 dz [(z+2)2(z+i)(z—i) - Zl_@z (z241)2 25
IToatomy
j dz 8mi
z+2=1 (Z +2)2(z2+1) 25~
1 A
2). z%ezdz 4
|z—i|=2 A
B o6mactu D: |z — i| < 2 pyukums ; \\
b L |
1 \ f
f(2) = z%ez umeeT oxHy 0cobyt0 TouKy z = 0. s / >
N
DTO CyIIECTBEHHO 0c00ast TOUKa, TaK Kak ee JIOp- R
aHOBCKOE pa3jiokeHne B OkpecTHocTH Z = 0



HUMECT BUA:

f(z)=zz(1+1+ R S +--->=
z 2172  31z3  41z4
=z>+ +1+ . + ! +
DR TR TP RV T

OHO coJIepKUT O€CKOHEYHOE YUCJIO YICHOB B I'JIaBHOM YacTH. BhIUET B TOUKe

z = 0 paBeH ko3 puueHty

T.e.resS,—of (z) = T

ITo ocHOBHOM TEOpEME O BhIYETAX

, 1 _ 2wl T
z°ezdz = 2mi - res,—of (z) = - =3
|z—i|=2 3t 3
3) ( ! )
: z
iz—1-i]=vz \(Z — D2(z* + 1)
Oco0Oble TOYKH MOJABIHTEIPAIbHON (PYHKIIHN oy k
L
OIPEACISAIOTCSA U3 yPaBHEHUS T
Y
(z—1)2(z2 + 1) = 0. /
. . \
_ 4 _H@o _ [ . .“H.-:- '.
z1=1= HD [1(2) — momoc BTOPOTO 1! ;’
TOPSIIKA, A - :
1. o //
COHO) e e g
Zy3 = *i = HD) [1(1) — momroca mepBOroO b
TOPSJIKA,
Z3 = —i He npuHamIexut D: |z — 1 — i| < /2.

.y 1y, 2z 1
resf (@) =lim (5g5) =M~ a2 = 3

1 1 1 1
= l. = = = —
res ) = I T D G=DZ 2 2i(—1—2i+1) 4

ITo ocHOBHOM TEOpEME O BhIYETAX



4). tgzdz

|z|=2

Oco0Oble TOUKY MOJABIHTETPaIbHON (DYHKIIUU ONPEIESIOTCS U3 YPAaBHEHUS

T T T H(O
cosz=0,z=—-—+mnk, —,—=€D. HO) _ [1(1) — mpocThIe MOIIOCHL.
2 2’ 2 H(1)
sinz sinz
res f(z) = - = — _=-1
z=47 (cosz) 7=+T —sinzl;—42

f tgzdz = 2mi(—2) = —4mi.
|z|=2

1
ez?

3z2+1

|Z—H=§

dz

B obnactu D: [z — i| < % GyHKIHS

1
ez?

z2 +1

f(2) =

MMEET ABE 0COOBIE TOUKH:

Z1 = 0, Zy = L.

z; = 0 — cymecTBeHHO 0co0asi TOYKa, TaK KakK JIOPAHOBCKOE Pa3I0KEHUE
(GyHKIMHU B OKpeCTHOCTH Zz = () uMeeT BUJI;

1
. ezz

f(z)=22+1

:(1_ZZ+Z4_26+...)<1+i+ 1 + 1 + 1 _|_...>=
z%2  21z% 3126 4178

1 1 1
2!z4_2!z2+5+

1
=1-z"+z*++—5—-1+2"++
VA



OHO cOJIepXUT OCCKOHEYHOE YMCJIO YJICHOB B I'JIaBHOM 4acTW. BelueT B Touke
z = 0 paBen kodpdunuenty c_; = 0, T.e. res,—qof (z) = 0.

. H(0) .
z, = i: —= = I1(1) — npocToii mosmroc.
H(1)
1
resf(z) = — = —
z=1f 27 21
z=i
1
f ez2 y , -1 x
Z =2 — =—
_a.3z2 41 21 e
IZ l|_2
1
6). Z-ez+3dz
|z+3|=2
Oco0ast TouKa MOAbIHTErpabHONM QYHKIMH Z = —3 — CYIIECTBEHHO 0co0as
touka. Pa3noxum QyHkmuio B psia JlopaHa B OKpECTHOCTH TOYKH Z = —3.

3amena: z+ 3 =t,z=t— 3.

1 1 1
@O = (= Bet = (=) (14 7+t mz b ) =

3 1 3 1 3

—t—3+1——+——

T Tt e et

f(2) = (z+3)—2+2+3@—3>+ﬁ(%—;)+---

5

Zrze_sgf(z) =C1 =5 3= —3

1 5
j 7 ez+3dz = 2mi (— —) = —57i.
|z+3|=2 2



dz
z|=3 2> + 423

7).

1
z3(z%2+4)

[MogsiaTerpansHas yukius f(z) = BHYTPH OKPYKHOCTH

|z| = 3 umeet Tpu 0COOBIE TOUKH
Z1 = 0— H(B), Zy = 20 — H(l), Z3 = —2i — H(l)

Hcnons30BaHME OCHOBHOM TEOPEMBI O BBIYETAX IPHUBOJAUT K TIPOMO3JIKUM
BBEIYUCIICHUSIM. Y TOOHEe BOCTIONB30BaThC (POPMYIION:

I = =2mi - resy f(2).

Brinuiem opaHoBckoe pasiokeHue GyHKIuu f(Z) B OKPECTHOCTH OECKOHEUHO
YIQJIEHHOU TOYKHU Z = 0!

1 1 1 4 & ~
IO =i~ A s\ z2ta )"

Koadbumuenr c_; = 0, .. res, f(z) = 0, caemoBaTenbHO

f dz 0
=428 +92%

Z7

d
1z1=3 (2% + 2)(z° + 3) z

8).

77

(z2+2)(z3+3)

[MonpiaTerpansHas Gyukuus f(z) = BHYTPH OKpY>XKHOCTH |z| = 3

. 3
MMEET IIATh OCOOBIX TOYEK: Z; 5, = ++/2i, Z345 = V—3.

Brinuiiem mopanoBckoe pasnoxkenue GyHKIUU f(Z) B OKPECTHOCTH OECKOHEUHO
YIAJIEHHOW TOYKHU Z = 00!

1 1 1 1 1 1

— 57 . . —_ o7 . .. —
fz) =z 2242 2343 72 3 3




c_1=—3,7res,f(z) =3

I = -2mi-res,f(z) = —2mi -3 = —6i.

7.2. BoluncjaeHne HeCOOCTBEHHBIX HHTErpajioB

7.2.1. IaTEerpajsl OT palilMOHAIBHBIX OVHKIIHIA.

P(x)

Teopema 2. Ecin F(x) = oG TAC P(x), Q(x) — MHOrOYJICHBI, IPHYEM BCE KOPHU
3HAMEHATEIsI KOMILIEKCHBIE B cTereHb Q (X) «M» XOTs OBl Ha JIBE € IUHHUIIBI
OobIIe CTETICHU P(x) «n» (m—n = 2), TO

0 n
j F(x)dx = 2mi Z res,, F(z),
- k=1
e
P(x)
F(x) =
Q(x)

U Zj, — nontockl GyHKIMU F(z), nexaniyue B BEpXHEH MOITYILIIOCKOCTH.

Ilpumep.

Breruuciauth HHTCIPpAJl

I_j°° x%dx
B o (x2+9)?

Tak kak moAbIHTErpaibHAS PYHKIIUS

— YeTHas, TO



I_f°° x%dx _1f°° x%dx
)y (k2492 2)_(x2+9)%

2

Beenem pynkimo

F(z) =——=

(2) (z% + 9)?
(3aMEHWJIM TEPEMEHHYK0 X Ha Zz). T.e. Ha JACUCTBUTEIBLHOW OCHU MpPU Z = X
F(z) = F(x). ®yunkuus F(z) umeer aBe ocoOble TOUKH Z; = 3i, Z, = —3i — 3TO

IIOJIF0OCA BTOPOTO MOpAAKa. B BEpXHEH MOMyIIIOCKOCTA HAXOAUTCS TOUKa Z = 3i.
YcnoBust Teopemsl 2 it yHkuuu F (z) BoinonHeHbl. Beruncium res,_z; F(z).

d
res,—3;F(z) = Zh—gllE [F(z)(z — 3i)?] =

. d z%(z — 3i)? . d z*
T 8idz |[(z=302(z + 30)2| zosidz(z + 30)2

22(z + 3i)* — 2z°(z + 3i) _

= Jim, (z + 30)*
_ 6iz -18 1
= lim

z-3i (7 + 30)°  —631 120

1 Tl T

I_1j°° x?dx _t F) = B
B N ) A A AR VT AR T

7.3.2. BpIunClI€eHUE MHTETPAJIOB C TPUTOHOMETPUUECKUMHU HVHKIIMIMUA BUIA

+o00 + 0o
j R(x) cos ax dx, j R(x) sin ax dx
0 0

rae R(x) — mpaBuibHas panyoHaibHas ApoOb, a > 0 — moboe BeleCTBEHHOE
YHCIIO.

[Tyctes dbyHkIus f(Z) yHOBIETBOPSET CASTYIOUTUM JBYM yCIOBHSIM:

1) f(z) aHanuTHUECKas B BEPXHEH MOJTYIUIOCKOCTH M Ha JCHCTBUTEIHLHOM OCH,
KpOME KOHEUHOT'O YHCJIa MOJIFOCOB, JISKAIIUX B BEPXHEH MOTYIIIOCKOCTH;

2) Ilpu z — oo B BepXHE MOJYIUIOCKOCTH M Ha ICUCTBUTENIbHOM ocu Zf (z) = 0
PaBHOMEPHO II0 aPryMEHTY Z, T.€. MAXzec,|Zf (2)| = 0 mpu R — o0, KOHTYp



Cr — TOIYyOKPYKHOCTH |zZ| =R B  BepxHEeH  MOJYIJIOCKOCTH.

[Ipu 3TOM cripaBeIIMBO PABEHCTBO:
n

R
lim f f(x)dx = 2mi Z res f(zx).

R—+o00
k=1

3nech

n

> res f(u)

k=1

— CyMMa BBIYETOB f(Z) OTHOCHTEIBHO IIOJIOCOB, JICKAIIUX B BEpXHEU
MOJTYTIJIOCKOCTH.

Pa3zo6nsem untepBan (—R, R) na gactu (—R,0) u (0, R) 1 3aMEHHM B IIEPBOM
U3 HHTETPAIIOB X Ha —X. B pe3ynprare moaydum

n

RliToof (f(x) + f(—x))dx = 27 z res f(z;)
0

k=1

CrnenoBaTeabHO,

n

f (f(x) + f(—x))dx =2mi Z res f(zy).
0

k=1
Hcronp3yeM  TOJIyYeHHBIH  pe3yiabTaT B YacCTHOM  Cjydae, Korjaa
TMoBIHTETpanbHass (QyHKIus nMeer Bux: f(z) = F(z)-e'*, a >0, rxe
Gyukuus F(z) ymoBieTBOpseT AByM yCIOBHsIM 1) u 2).
Torma sTuM ke ycaoBusiM OyaeT yaoBieTBopsaTh u pyHkius f(z). Torma

n

f+00(F(x) celax 4 F(—x) - e—iax)dx = 271i Z res [F(Zk) . eiazk]_
0

k=1
[ycts F(z) — uemnas yukums, 1.¢. F(—z) = F(z), Torma

n

+ 00
j F(x) cosaxdx = mi z res [F(Zk) : eiazk].
0

k=1

Amnanoruuso, eciu F(z) — neuemnas pyukuus, 1.e. F(—z) = —F(z), Toraa



n

+00
] F(x)sinaxdx =m z res |F(z) - e"%%k|.
0

k=1

Crnenyromiasi JieMMa TO3BOJISIET OCIA0UTh ycioBusA 1)-2), HaJIOXKEHHBIE Ha
bynkuuio F(z).

Jlemma Kopmanma. Ecmu dysxkuus f(2)
aHAJIUTUYHA B BEPXHEH MOJIYIIJIOCKOCTH 32
UCKIIFOUEHUEM KOHEYHOI'O qucia
U30JIMPOBAHHBIX OCOOBIX TOUEK U CTPEMUTCS Ca
B OTOM TMOJNYIUIOCKOCTH K HYJIIO IIpH
|z| = oo, Torma mpu a > 0

lim | e'**f(z)dz =0,

R—o00 CR

re KOHTYp Cr — MOIYOKPYKHOCTD |Z| = R B BepXHEH MOIYILIOCKOCTH.

Teopema 3. Eciu dynkuus f(z), 3ananHast Ha Bcel ACHCTBUTEIBHOU OCH, MOXKET
OBITH MPOJOJIKEHA HA BEPXHIOIO IMOJYILNIOCKOCTh U MOJTyYeHHAS (yHKIIUSI
f(z) ynoBnerBopsieT ycioBusM jeMMbl JKopiaHa W HE MUMEET OCOOBIX
TOYEK Ha JEUCTBUTEIBLHOM OCH, TOTAA Ipu a > ()

n

joo el f(x)dx = 2mi Z res;, [f(z)eiaz],

- k=1

rJie Z), — 0coOble TOUkU GyHKIHH [ (Z) B BEpXHEH MOIYIIIIOCKOCTH.

Tak kak coriacHo dopMmyite Diinepa e'** = cos ax + i sin ax,
T.c. cos ax = Re(e'*®), sin ax = Im(e'**), 1o:

n

j f(x)sinaxdx = Im Zniz

k=1

res,, (f(z)ei"‘z)]

n

joof(x)cos ax dx = Re |2mi Z reszk(f(z)eiaz) ) (Im z;, > 0).

k=1



Ilpumepoi.

1). Beruncnuth

/ f°°c053xd
= —dx
0o X% +1
i3z

e
BBeaem BcnomoratenbHyo ¢GyHkmmo F(z) = it

. BEcu z = x, To Re F(x)

v o cos 3x
COBMaJaeT C MOAbIHTErpambHOW  (yHKIMeH  f(x) = . Tax kak

x%+1
MOJBIHTErpAIbHAS byHKIMSA f(x) YeTHasl, TO
I—lfoo COS3xdx—lRe Zniires F(z) |,Imz, >0
2) px2+1 2 Ly ke
dyHKIN |z| = co cTpemuTCS K HYJII0 U HE KIMEET OCOOBIX

TOYEK Ha JICMCTBUTEIIBHOM OCH, T.€. YJIOBJIETBOPSET yCIOBUAM JieMMbI JKopaaHa.

Z =1 — ocobas Touka ¢pyHkuuu F(z), HAaXOAUTCS B BEepXHEH MOJYIIIOCKOCTU U
SABJISICTCS IPOCTBIM TOJIFOCOM.

Z = —i — TaKke ocobas Touka F(z), HAXOAUTCSA B HWKHEH TMONYIUIOCKOCTU U B
BBIYHCIICHUH UHTETPAJIA HE UCTIOJIb3YETCH.

BpIUnciIMM BBIUET B TOUKE Z = [

i3z i3z i3z -3

e e e e —1
resei\ppyy) T 0TI T T e
1 —I T
I=§Re<2m ?)22_33

2). Beraucnutb

; f°° x sin 2x p
= ——ax
0o X*+9
zel2z
BBenem BcrioMorarenpHyIo GyHKIH©0 F(Z) = 22132

. Ecmu z = x, To Im F(x)

o o x sin 2x
COBMAJaeT C MOABIHTErpanbHOM  ¢yHkumen f(x) = —.5- TlaK Kak

noablHTErpasibHas GyHkius f (x) dyerHas, TO



1 (® xsin2x 1 , -
I 2-[—00 719 dx = 2Im ZﬂlZTQSZkF(Z) ,JImz, >0
k=1
VA
z%2+49
TOUYEK Ha JEHCTBUTENBHON OCH, T.€. YIOBIETBOPIET YCAOBHIM JIeMMEI JKopzaHa.

OyHKIHA IPU CTPEMJICHUH |Z| — 00 CTpeMHTCS K HYJIIO U HE UMEET 0COOBIX

ITo Teopeme 3 nomyuum

jdn xeﬂx ; - Ze&z
——adX = 4Tl " TeS —qi | ————
wX2+9 Z=3\z2 49

z = 3i — ocobas Touka QyHkiuu F(z), HAXOAUTCS B BEpXHEH MOJIYITIOCKOCTH U
SBJISIETCSI IPOCTHIM TIOJIFOCOM.

z = —3i — Takxke ocobas Touka F(z), HAaXOIUTCS B HUKHEH MOJIYIIJIOCKOCTH U B
BBIUHCIICHUW UHTETPaja He UCTIOIb3YEeTC .

Bperauciaum BeIUET B TOUKE Z = 3i

ZelZZ l. ZelZz ( 3.)

res,il——|=1lim —(z — 3i) =
Z=31\z2 4+ 9) " 2z53iz2+9

- ze?Z  3je7® 1
= lim - = — = )
z-3i 7 + 3i 61 2e°

HOI[CT&BJ'ISISI IMMOJIYYCHHOC 3HAYCHUC, ITOJIYUUM

1 (® xsin2x 1 ® xel2X
I=—j 2—dx=—-lmj dx =
o X“+9

2)_ 2 X% +9
1 _ (ze'?2)] 1 1 n
=3 Im|2mi - reszzgim = E-I‘m l2n1266] = 5g6



