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5.1. Onpenenenune. Teopema AGens
5.2. nTepBan u paanyc CXOAUMOCTH CTEIIEHHOTO Psia

5.3. PaBHOMEpHAS CXOAUMOCTD CTENIEHHOTO PsiAa, €ro NOYWIEHHOE
HWHTETpUpoBaHue U quddepeHiupoBaHmue

5. CTenneHHBIE PSAABI

5.1. Onpenenenne. Teopema Abens

Onpeodenenue 1. CTenieHHBIM PSAJIOM Ha3bIBaeTCs (DYHKIIMOHAIBHBIN psifi BUJA:
Y 0 nX™ = ag + ayx + azx? + -

PaccMaTpuBaroTCs TakKe CTENEHHBIE PAALI 00siee 00IIEro BUIA:
0 n_ 2
D=0 An (X — x0)™ = ag + a1 (x — xg) + ay(x — x)° + -+,

KOTOpPBIE C IOMOIIIBIO 3aMEHBI (X — X() Ha HOBYIO IIEPEMEHHYIO CBOJIATCS K PsiiaM
BUJA ).p o Ap X", U3yUCHUEM KOTOPBIX MOXKHO OTPAHHYHUTHCS.

BrisicHuM, Kakoil BUJI UMEET 00JIACTh CXOAMMOCTHU CTEIEHHOTO psijia.
Teopema 1 (Aoensa).

Ecnu cTeneHHON psii Yp—oAnX't CXOAWTCS B HEKOTOPOW TOUke X, # 0, TO OH
a0COJIIOTHO CXOAMTCS B JII000M TOUKE X, Takou uTo |x| < |x,].

JlokazarenbeTBo. M3 CXOAUMOCTH Psifia ). —g An X' CIEAYET, 4TO €r0 OOl YIeH

CTPEMUTCSA K HYJIO, 4, 3HAYUT, OTPAHUYEH, T.€. CYIIECTBYET MOJOKUTEILHOE
yuciao M Takoe, 4To:

la, x| <M (n=0,1,2,..).



BosbpMeM mpom3BombHOE X, mIs KoTtoporo |x| < |xg| m paccmorpum psn
Yr=ola,x™|. Ouenum ero oOIIMIA WiICH:

n| — n(X\" -
lanx™| = |anxo (x—) |—
0

<1

Xo

n x [ n
=|anx0|-|x—0| <M-q", rae q =

OOuuii 4jieH paccCMaTpUBAEMOr0 psjia MEHbIIIE, YEM COOTBETCTBYIOIIUE YJICHBI
OecKOHEYHO yOBIBAIOIIEH reOMETPUUYECKON MPOrpecCHu. 3HAYUT, CTEIIEHHOU Pl
CXOJUTCA a0COMIOTHO B TOUKE X. TeopeMa qoka3aHa.

5.2. I/IHTCDBaH U pagnycC CXoAMMOCTH CTCIICHHOI'O pPsaa

3aMeTUM, UTO JIIO0O0M CTEHCHHOM PSIJT Y.y —g Ap X" cxoautTes pu X = 0.

Paccmotpum  psin Y- n!x™. TlpumeHuM Ui HaXOXKICHHUS €ro o00JacTu

(n+1)Ixn*1
nlxm

cxoguMocTu mpu3Hak JlamamOepa: lim
n—>0o

=|x|-lim(n+1) = oo,
n—>00

ecu x # 0.

3HAYUT, JAHHBIN PSAJI CXOAUTCS TOJABKO B OJHOM Touke Xy = 0.

[IpeamonoxuM, 91O ISl CTEINEHHOTO psAa CYIIECTBYIOT OTJIMYHBIE OT HYJIS
3HAYCHUS X, IPU KOTOPBIX OH CXOAUTCA. ECIM MHOXXECTBO ATHX 3HAUCHHUM HE
OTPAaHMYEHO, TO COIJIaCHO Teopeme AOens psAx CXOIUTCS BCIOAY, MPHYEM
a0COJIFOTHO.

HYCTB MHOKECTBO 3HauCHUU X, IpU KOTOPBIX CTEIICHHOM pAax CXOAUTCA,
OI'PAHHUYCHO, U ITIOJIOKUTCIIBHOC YHUCIIO R — Tounas BCPXHAA TI'PaHb OSTOI'O
MHOKCCTBA.

Ecmu |x| < R, To HaiigeTcs 3HaUeHHE X Takoe, uTo |x| < |xo| < R, mpu koTopom
psia cxoautcs. Tornma coryiacHo Teopeme AGes psisl CX0AUTCs abCOTIOTHO B TOUKE
x. Wrak, cremeHHOM psan cxoautca abcomoTHO B uHTepBaie (—R,R) wu
pacxoauTcs BHE 3TOrO0 UHTEpBaJa.

Ha xonmax mHTEpBasa, T.€. Mpu X = +R MOXET UMETh MECTO KaK CXOIUMOCTb,
TaK ¥ PACXOJIUMOCTH psJia.

Onpeoenenue 2. VntepBan (—R,R) Ha3bIBaCTCA UHMEPBALIOM CXOOUMOCMU
CTENEHHOTO psfa, a yucio R — paduycom cxooumocmu. Ecnu cTeneHHON psif



CXOJIUTCS HA BCEW YHUCIOBOU OCH, TO €r0 PaJINyC CXOJAUMOCTH R = 00, a eciu psia
CXOJIUTCS TOJIBKO B ofHOM Touke X = 0, To R = 0.

3ameuanue 1. CTeeHHON sl BUIA Y,y = Ay (X — X)™ CXOAUTCS WM B UHTEPBAJIC

(xo — R, xg + R) C IGHTPOM B TOYKE X, I HA BCEH YMCIIOBOM OCH, WU TOJIHKO
B TOYKE X = X.

3ameuanue 2. HTepBaJl CXOAUMOCTH CTEIIEHHOTO psia MOXKET ObITh HaMJIEH C

noMoInpo npu3zHakoB JlagamOepa wnu Komm. s ycraHOBICHUS CXOAUMOCTHU
WM PacXOAMMOCTH Ha KOHIIAX HHTEepBajga TPeOyeTCs JIOMOJHUTEIBHOE
HCCJIEIOBAHUE C TOMOILBIO APYTUX TEOPEM.

ITpumep 1.
o w (n+1) n
HaiiTit 0071aCTh CXOAMMOCTH CTEIIEHHOTO PAIa Y, — e

[Tpumenum npusnak {anamoOepa:

) n+2)xnt1 21 x| . n+2 x|
lim (nt2) - = — —=—<1

n—oo 2n+1 (n+1)x™ 2 nooeon+l 2

Slx|<2e -2<x<2.
(—2,2) — uHTEpBaAT CXOAUMOCTH, R = 2 — paguyc CXOJUMOCTH.

Uccnenyem cxoaumMocTh Ha KoHIax (—2,2).

n+1 o o
( on ) X n I[MOJIYYUM IOJOXKHUTCIbHBIM YHUCIIOBOHU PAO
x=2

Ilpn x =21 X,
00
He BeImonnsercs HCO6XOI[I/IMOG YCIOBHUC CXOOAUMOCTH, P PaCXOAUTCA.

[Mpr x = —2 noayyum 4uciaoBOH psan Y, —o(—1)*(n + 1). Ananoruuno, psna
PacXOoIUTCH.

OTBeT: 007aCTh CXOQUMOCTH JaHHoro psaa (—2,2), R = 2.

ITpumep 2.

(x+1)"

Haiitu 06;1acTh CXOAUMOCTH CTEIIEHHOTO Psijia Y p—op(—1)" T

[Ipumenum npusHak JlanamoOepa:



(x+1)"+1 3™Inn

lim
3ntLIn(n+1) (x+1)"
n—-oo
_x+1] g, Inn _ |x+1]
3 npowlnm+l) 3

. Inn
[Tpu Beiuncienuu lim

MCIIOJB3yeTcs mpaBuiio Jlonurans:
n-oo In (n+1)

1
Int 00 . * . t+1
im ——— = [— = lim <+ = lim— = 1.
t—oo In(t+1) 00 t—oo 1 t—oo

I/IHTepBaJ'I CXOOUMOCTH OIIPCACIIACTCS U3 HCPABCHCTBA!

[x+1|
3

<le|x+1l<3 e

—3<x+1<3e-4<x<2.
(—4,2) — uaTEpBAT CXOIUMOCTH,
R = 3 — pagnyc cCXOAUMOCTH.

I/IccneﬂyeM CXOAMMOCTDb Ha KOHIIaAX MHTCPBAJIA:

Crv)? IIOJIYYUM ITOJIOKHATEIBHBINA PSII Y.y :
3%Inn’ y PAR Zin=27,-

Mpn x = —4: T2, (—1)"
1
CpaBHHUM €ro ¢ TApMOHHYCCKHUM PSIOM Y- q ~

1
[TokaxeM, uTo 1Jig J:000r0 HOMEpa n = 2,3,4, ... BEIIIOJIHEHO HEPABEHCTBO: — >

1 inn
- —< 1.
n

n

Inx
Jlns aToro paccmorpuM QyHknuio f(x) = —, { BBIMHCINM €¢ MPOM3BOJHYIO!

HOE

1-1
x2nx<0 npu x > e.

Tak xak f(2) = m72 <1, f(3) = mT3 <1, amopu x >e f(x) yObiBaer, TO ee

3HaueHUs1 MeHble | npu Bcex n = 2,34, ....

UsieHbl TOJIyYEHHOTO psga Oojbllle, 4YeM COOTBETCTBYIOIIHWE  YJICHBI
TapMOHHUYECKOTO psAa, T.€. IPU X = —4 psif paCXOQUTCS.



o 1 o
[Ipy x = 2 mody4YuM 3HAKOYCPEAYIOIMUHCA PAL Yipep(—1)" —> KOTOpBIi

CXOJUTCS YCIOBHO KakK 3HaKouepeaytomuiics psya JleiiOHuna.

OtBeT: 001acTs cxoauMmocTH panuoro psaga (—4,2], R = 3.
ITpumep 3.

o w X"
HaiiTit 00651aCTh CXOAMMOCTH CTEIIEHHOTO PAa Y,y — -

[Ipumenum npusznak Jlamamobepa:

xn+1 n!

.1
*—| =|x|- lim — = 0 npwu Bcex x.
(n+1)! x™ n—oo n+1

lim

n—oo

CrnenoBaTenbHO, 001aCTh CXOAUMOCTH JAHHOTO PsJia — BCS YUCIIOBAs OCh. R = 0o,
IIpumep 4.
Haiiti 0061acTh CXOIUMOCTH CTETICHHOTO PSifia Y X W - 1.

[Tpumenum npusnak {amamoOepa:

x™1 (n+1)!

xM n!

lim

n—oo

|=|x|-lim(n+1)=00,x¢0.
n—-oo

OtBert: manubii psa cxoautes npu X = 0. R = 0.

[Tpumep 3.

)n+1 ﬁ

HaiiTi 0071aCTh CXOMMOCTH CTEIIEHHOTO psfa Y-, (—1 ~

n

[Tpumenum npuznak Komm: lim
n—-0o

xn

7|=|x|<1<=—1<x<1.

x = —1.

oo (_1)11
LG DUAEE

0o 1 o 1
= Zn=1(_1)2n+1 " = - Zn=1 n

Psan pacxoaurces.

L 1 e
x = 1. IToaydaeM 3HaKOUEpEAYIOMMUIC PAg e, (—1)"H ~, KOTOPBIii CXOUTCS

YCJIOBHO KaK 3HaKouepeayouiics psa Jleronua.



OrtBer: obnacts cxoxumoctu ganHoro psga (—1,1], R = 1.

ITpumep 6.

. o x2T
HaiiTit 00671aCTh CXOAMMOCTH CTEIICHHOTO PAIA Y p—q —

[Tpumenum npusnak Komm:

. n
lim

n—oo

—l=lx*l<le-1<x<1.

1
Mpu x = +1: Y-, — — psn Jupuxie, CXOIUTC.
OtBer: 00nacTh cxoaguMocTH nanHoro psaa [—1,1], R = 1.

[Tpumep 7.

v o n
Haiitu 06;1acTh CXOIUMOCTH CTEIIEHHOTO P Yy —q T (x +2)".

[Tpumenum npusnak Komm:

|x+2|

lim J| S+ n| =<,

n—->0o

Ix+2]| <2 -2<x+2<2
S —4<x<0.
o 1
Y1 (X + 2)™
x = —4.

n

2 -1)™2 -1 o

Y1 (2") - Zf{’zl% =2 >0 % — psin JleriOHMIIA, CXOIUTCH.
2 .

x=0.)Y7- — — pacxoauTcs (rapMOHIYCCKHUIL Psif).

OTBeT: 007aCTh CXOUMOCTH JaHHOTO psina [—4,0), R = 2.

ITpumep 8.

o 2n
Haiiti 0071aCTh CXOMMOCTH CTEIIEHHOTO PAIa Y, — N (x — 3)".

[Tpumenum npusnak Komm:



ﬁ(x - 3)"

] n
lim

n—-0o

=2-|lx-3|<1
1 1 1
Ix —3|<-o3-=<x<3+-
2 2 2
o2<x<l
2 2

o 2"
Zn=0\/_ﬁ(x - 3)71.

5 2n 1 (—)n -
X == Ymeq 7 (— 5)” = Y1 7 —ban JleiitOHuIIa, CXOTUTCS.
7 o 2" 1n v 1
X == Y1 N (E) = Y1 N Jlupuxie, pacXoauTcs.

5 7 1
OtBeT: 00J1aCTh CXOJUMOCTH JIAHHOT'O Psaa [E’E)’ R = e

5.3. PaBHOMEpHAas CXOAUMOCTh CTEICHHOI'O psjaa,

CIro INOWICHHOC MHTCI'PUPOBAHNC U I[I/Id)d)epeHHHDOBaHI/Ie

Teopema 2 (0o  pasHOMepHOU  CXOOUMOCMU  CMENEeHHO20  psaoa).
CTeNEeHHOW PAN  Yipeo @pX" CXOOUTCS pABHOMEPHO Ha JHOOOM OTpe3Ke,
MPUHAICIKAIIEM HHTEPBAITY CXOJIMMOCTH.

HoxazarenbctBo. ITycth (—R, R) — MHTEpBal CXOJAUMOCTH CTEIICHHOTO psija U

[a, b] — IpOU3BOILHBII OTPE30K, MPUHAICIKAIIUN dTOMY HHTEepBally. O003HAUNM
xo = max{lal, |b[}.

Torma nams Bcex x € [a,b] OymeT BBIMOIHATBCA HepaBeHCTBO |x| < |xg].
CremeHHOW psa  CXOAUTCS aOCOJNIOTHO B TOYKE Xo, T.K. Xg € (—R,R).
Kpowme toro: |a,x"| < |a,x,"|.

T.e. cTemeHHON psx MaXopupyercs Ha oTpe3ke [a,b] cxomsmuMmcs
OJIO’KUTEILHBIM YMCIIOBBIM PSZOM, a, 3HAUKT, COIIACHO TeopeMe Beliepirpacca,

CXOOUTCS HA 3TOM OTPE3KE PABHOMEPHO.
Teopema 1oka3ana.

Crenennsle  psiabl  00JaAalOT  CBOMCTBAMHM  PAaBHOMEPHO  CXOJAIIUXCA
(yHKIIMOHAJIBHBIX PSIIOB.



1). CymMma cTeneHHOTO psifja HempepblBHA Ha JIFOOOM OTpe3Ke, MpHUHAJIEeKAIEM
WHTEpBaTy CXOJUMOCTH, a, 3HAUYNUT, HEIPEPHIBHA HA BCEM MHTEPBAJIE.

2). Huterpan ot cymmbl cTeneHHoro psga S(x) Ha J000M  OTpe3Ke,
MpUHAICKAIIEM UHTEPBATY CXOIUMOCTH, PAaBEH CYMMeE psijia, MOJYyYSHHOTO U3
JAHHOTO CTEIEHHOTO psija IMyTeM IOYJIECHHOTO WHTETPHPOBAHHUS HA TOM K€
OTpE3Ke:

[P SG)dx = [ (T anx™) dx=

b
= Y=o fa apx™ dx.

Ecnu B kauecTBe 0Tpe3ka HHTErpupoBanus B3sATh 0Tpe3ok [0, x], rae x € (—R, R),
TO PaBEHCTBO MPUOOPETAET BUA:

X _ a 1 _ An—
i SGdx = Npp e amt = g, Sty

T.C. B pe3yJIbTaTe MOYWICHHOI'O MHTEIPHPOBAHHUS CTEIICHHOI'O psla Ha OTPE3Ke
[0, x] mosmy9gaeTcst Tak)Ke CTETICHHOM PSII.

[Tonb3ysich, Hanpumep, npusHakoM JlamamOepa, MOXKHO MOKa3aTh, YTO PaaUycC
CXOJIMMOCTHU MOJYYEHHOTO psAJia COBNAJAET C PAANYCOM CXOJUMOCTH MCXOTHOTO

psaa.

3). Ilpu nowieHHOM AU(GEPEHIUPOBAHUN CTCIICHHOTO PSAAA Yoo Ap X" TIOTYUUM
TaK)Ke CTEIIEHHOM P

(0.0

! oo
a,x" | = ) (a,x™) =
n n
n=0

n=0

(0.0)

= z a, nx" 1= Z Ansq - (n+ DHx™

n=1 n=0
C TCM KC PaInyCOM CXOOAUMOCTH.

OTO 03HayaeT, YTO CymMMa CTENEHHOIo psaa AuddepeHupyeMa Ha UHTEpBaje
CXOJIMMOCTH, Y ITIPOU3BOJHASA CYMMbI paBHAa CYMME PsiJia U3 IPOU3BOIHBIX.

3ameuanue. [Tounennoe nuddepeHnpoBaHre MOXHO MPUMEHUTH MOBTOPHO K

pAly U3 TPOU3BOJHBIX IIEPBOTO IMOPANKA, BTOPOr0 HU T.A.. 3HAYUT, CyMMa



CTETICHHOI'O psjia MMEET BHYTPU HHTEpBajia CXOAUMOCTH IPOU3BOJHBIE BCEX
MTOPSIIKOB.

3ameuanue. Ilpu mOuYIEHHOM WHTErpupoBaHUM U JU(depeHIITPOBAHUM

CTCIICHHOTI'O pAaa MHTCPBAJl CXOAUMOCTHU COXPAHACTCA. CXOI[I/IMOCTI) Ha KOHIIax
HHTCPBAJIa MOKCT ITOABJIATHCA UJIN UCUYC3ATh.

n+1 X"
) —.

[pumep 9. Haiitu cymmy psima Yoo (—1

Hannaeiii psag cxoautes Ha nmpomexyTke (—1,1]. O6o3naunm S(x) ero cymmy u
MIPUMEHUM T€OPEMY O TTOWICHHOM Iu(dhepeHITMPOBAHNH:

(0.0)

S’(x) — Z(_l)n+1 . xn—l —

n=1

- 1

=) ()" x" = ——
Z)( )x 1+ x
n=

[TonyueHHBIN B pe3ysbTaTe MOUYJIECHHOTO MU(PEepeHIIMpPOBAaHUSA CTETICHHON P

ABJSIETCA CYMMOM TE€OMETPUYECKOW MPOTPECCUUM M CXOIUTCA HA HWHTEPBAJIE
(—-1,1).

ij’(x)dx =S(x)—S(0) =
0

* 1
= dx =1In(1 :
jo T n(l+x)

[Mpumep 10. Haiitu cymmy psiga Yoo—o(n + 1) - x™.

Jauusiii psg cxomutcs Ha uHTepBane (—1,1). O6o3naunm S(x) ero cymmy u
MPUMEHUM TEOPEMY O MOWICHHOM HHTETPUPOBAHUM:

x o 0o x
j S(x)dx = E x"tl = E x" = .
0 1-—x
n=0 n=1

[TosrydeHHBI B peE3yJbTAaTe IMOWICHHOTO WHTETPUPOBAHUS CTEIIEHHOW Pl

ABISICTCS CYMMOH T'€OMETPHUYECKOW MPOTPecCHU M CXOAUTCS Ha HHTEpBaie






